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ON HYDROMAGNETIC EQUILIBRIUM 
By L. WoLtTJER 
YERKES OBSERVATORY, UNIVERSITY OF CHICAGO 
Communicated by S. Chandrasekhar, June 19, 1958 


1. Introduction.—In an earlier paper' (referred to hereafter as “Paper I’’) we 
have shown that 
I, = f,A-curl AdV, (1) 


where A represents the magnetic vector potential, is an integral of the hydromag- 
netic equations. This integral made it possible to formulate a variational prin- 
ciple for the force-free magnetic fields. The integral expresses the fact that motions 
cannot transform a given field in an entirely arbitrary different field, if the con- 
ductivity of the medium is considered infinite. In this paper we shall show that 
the full set of hydromagnetic equations admit five more integrals, besides the 
energy integral, if dissipative processes are absent. These integrals, as we shall 
presently verify, are 

I, = Si H-vdV, 

I; =f, i X r-pudV, 

Il, =f, j X r-pudV, 

IL=f, k X repudl, 


and 
Il=Jf, pav. (6) 


Here i, j, and RX are unit vectors in an arbitrary system of Cartesian co-ordinates and 
ris the radius vector. We have supposed that we are dealing with a closed system, 
i.e., we suppose that no external forces act on the system. 

The integral J, expresses the fact that the parallel components of H and v do not 
interact. The three integrals /;, J;, and J; express the conservation of angular mo- 
mentum, and the last integral, Js, expresses the conservation of mass. Finally, 
there exists an energy integral, discussed by Bernstein ef al.* It may be written 
as follows: 


1 | ! , ? Ld 
B= [45 ololt +g. lHl* + of + qolav. (7) 


Here U is the internal energy per unit mass, and @ is the gravitational potential. 
The factor q is unity if the gravitational potential is of external origin, independent 
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of the density distribution in the system; this is the case discussed by Bernstein 
etal. Ifthe medium is self-gravitating, g = '/». 

In classical mechanics, the state of most stable equilibrium is one in which the 
energy attains its minimum value compatible with the constraints applied to the 
system. Thus a particle, constrained to move on a curve in a gravitational field, 
occupies its most stable equilibrium position if it is at the lowest point of the curve, 
that is, if its potential energy is a minimum. If the curve has several minima, the 
particle has several stable positions, but only in the lowest point is its position stable 
against very large perturbations. In this example the curve to which the particle 
is attached is the constraint of the system. The integrals of the hydromagnetic 
equations may be considered also as constraints on a hydromagnetic system. 
Therefore, we may define the state of most stable equilibrium as follows: The 
states of stable equilibrium which a given hydromagnetic system may attain are the 
states in which the energy has a minimum value compatible with the integrals of the 
equations of motion I,-I¢ of the system. (The explicit formulation of this principle 
I owe largely to Professor 8S. Chandrasekhar.) The most stable state is the state 
in which the energy attains its absolute minimum. This principle provides a vari- 
ational method of characterizing the stable configurations. 

In the following sections we shall discuss the equilibrium problem in more detail 
and show how the equations for stable equilibrium can be derived from the above 
variational principle. 

2. Proof of the Integrals of the Equations of Motion.—In the absence of dissipative 
processes, the hydromagnetic equations may be written as follows: 


Ov 


l oe 
hed curl H X H — peurl v X v — grad P — pgrad }!/s|v|2 + }, 
Tv 


oH 

ar = curl (v X H), 
ra) 

= = —div (pv), 


V°* = 4rGp, 
dU pdp 
e dt p dt’ 
and 
div H = 0. (13) 
The conditions which have to be satisfied in a plasma for these equations to be valid 
have been summarized by Bernstein et al.2, We shall further assume that the pres- 
sure is a function of the density 
P = flo), (14) 
although for the analysis in this section it is necessary only to assume that grad P 
and grad pare parallel. 
We shall consider a closed system, which is surrounded by a rigid, conducting, 
spherical surface, the center of which coincides with the center of gravity of the 
system. As the system is closed, we shall impose the boundary conditions 
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H-n = 0, 


oak ok ot on the bounding surface r = R, (15) . 


where n is the unit normal. Under these conditions the integrals /;-/, and E are 
strictly valid, although some of them remain valid if the conditions are made less 
stringent. 

The constancy of the integral 7; has already been proved in Paper I. It is valid 
if condition (15) is satisfied or if v = 0 on the bounding surface. No assumptions 
regarding the equation of state are needed. 

To prove the constancy of J, we multiply equation (8) with H/p and integrate 
over the volume, to obtain 


ov .,. pete H 
[a -aV = J[ -cwn v-v X A — div }('/2\v|\? + ®)A} — grad p lav. 
Vv ot 4 p 
(16) 
On integration by parts, the first integral on the right-hand side becomes 


oH 
v- 


—f v-curl (v X H) dV -fe X (v X H)-dS = — dV, (17) 
Vv Ss 


Vv 


the surface integral vanishing because of the boundary conditions. The term in 
the divergence also vanishes on integration, and the last term becomes 


] ] A 
fcun A-— grad PdV = J Avgrad xX grad PdV + | xX grad P- dS. (18) 
v p Vv p sp 


If no external field is present, we may choose A to be zero on the surface, and the 
surface integral vanishes. The requirement for the vanishing of the volume in- 
tegral is that grad P and grad p must be parallel. This is evidently the case if 
equation (14) is satisfied. It will probably be satisfied in many astrophysical con- 
nections. 

Inserting the above results in equation (16), we obtain 


Ov OH 
a «fF = =f we d¥. 
i ot re 


which proves the constancy of J». 

To prove the angular momentum integrals, we multiply equation (8) vectorially 
with the radius vector r._ The contribution of the magnetic terms to the change 
of the angular momentum is 


1 
f r X (curl HW X A)dV. (20) 
4n J, 


Making use of the relations 
curl H X H = (H-grad)H — grad ('/.|H!?) 
and 


(r X H-grad)H = (A-grad)r X H, 
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we obtain 


S,r X (curl H X H)dV = —JS,(r X H) div HdV + 
S<(Hen)r X HdS + '/.f, curl (JH 2ndV = '/f, |H\2r x dS, (23) 

where the last surface integral vanishes on a spherical shell. The magnetic terms, 
therefore, do not affect the conservation of mechanical angular momentum. This 
is expressed by the integrals J;-J;. It may seem somewhat surprising that there 
is no term representing the angular momentum of the field. The reason is that the 
field has no angular momentum in the hydromagnetic approximation where the dis- 
placement current is neglected. It can be verified that if the displacement current 
is retained in the expression for the Lorentz force, the integrals 7;-/; are modified, 
to include the angular momentum of the field. Because the displacement current 
and the angular momentum of the field contain a factor c~?, they are usually 
neglected in hydromagnetic applications. 

The integral J, is simply the integrated form of the continuity equation. The 
energy integral is proved by multiplying equation (8) with v. Making use of the 
continuity equation, we have 


re) l 
of. '/opiu\*dV = J ge eun H-H X v — vegrad P — 


pu-grad }'/,\/v)? + 6} —! » lvl? div (ov) fev 
The first term on the right-hand side gives, after integration by parts, 


l ] OH 
a A-curl H )dV = —- J -—dV. 
+f curl (v XA )e ih H a" 


The second term becomes, after partial integration, 


‘ : 
fr ive = ho Ow «= {5 dV = 
\ vp dt v at 


ou a) 
-fl> = U-aiv (po) |av =— of pU dV. (26) 


can ! te © 3: : : ’ 
he —pv-grad '/,\v|? and the —'/,/v |? div pv terms in equation (24) cancel each 
other, as can be seen by integrating one of them by parts. The gravitational term 


a re) , 
- f pv-grad dV = fa div (pu)dV = fo P al : (27) 
Vv Vv Vv ot 


If the gravitational potential is given as an external condition, this is the change 
of the gravitational energy. If the system is self-gravitating, we obtain, by making 
use of equation (11) and integrating over all space, 


Din ise el i ae bey i We TS f ae 
ae eo oe a oe Vv. (2 
J at Gis ee mi ha Oe 


Therefore, equation (27) becomes, in this case, 


becomes 
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Op .. of as 
_ ® V= — ‘/,pb dV, 29 
J ar ae Or ss 


which is indeed the change of the gravitational energy for a self-gravitating medium. 

Inserting equations (25)—(29) in equation (24), we obtain the energy integral. 

3. The States of Stable Equilibrium.—The determination of the stable equilibrium 
states is now a straightforward variational problem. The condition for EF to be a 
minimum, subject to the conditions J,—/¢, is 

= Q@ “ _ a ‘ 
6k — él, — B6ls — AST; = pols — vols — col, = 0, (30) 
Sr 
where a/ 87, 8, \, uw, v, and ¢ are Lagrangian multipliers. Written in full, this equa- 
tion becomes 


d(pU) 


l 
J ov-0 + '/5\v\*6p + curl A-curl 6A + 6p + 
1 4dr dp 


qPip + gqpdd — = curl A-éA — -—~ A-curl 6A — 6 curl A-év — (31) 


St 
Bv-curl 6A — }Ai + wi + vk} X 1+} pdv + vip} — ri | iV =0. 
At this point it is essential to assume that the pressure is a function of the density, 


since only then may we write 6(pl’) = {d(pl’)/dptép. The terms involving curl 
5A may be integrated by parts as in Paper I. Thus 


Jl curl A — = eS a0 |-curl 6AdV = 
Vv An Sr 


l 
ial curl curl A — curl A — 6 eurl v |aav, (32) 
vL4nr Sr 


where the surface integrals vanish, since 6A = Oat the boundary. The same inte- 
grations as those made in equation (28) transform the integral f{, gp6@dV into 
JS. qPipdV if the medium is self-gravitating. If it is not self-gravitating, 6@ = 0. 

Since the variations 6A, 6v, and 6p are independent and arbitrary, their coeffi- 
cients in the integrand of equation (31) must separately vanish. Equation (31) 


thus reduces to the equations 
curl H = aH + 4726 curl v, (33) 
piv — L Xr) = BH, (34) 
Po} iad) d(U’p) = 
Veja" 8x e+ + @ =f, (35) 
dp : 
where the vector L is defined by the relation 
L=nr-+ uj t+ vk. 


Equations (33)—(35) are the fundamental equations for stable equilibrium. 
have to be solved with the boundary conditions given in equation (15). 
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These equations have some interesting properties. Equation (33) shows that 
the only interaction between the magnetic field and the material pressures is through 
the velocity field. If no motions are present (8 = 0), the field is force-free. Thus 
in the stable states there are no solutions in which a hydrostatic pressure is 
balanced by a ‘‘magnetic pressure.”’ 

Equation (34) shows that if 8 ¥ 0 and if p~0,then H—0. This is very satis- 
factory; for, if gravitational forces are sufficiently strong, the density decreases out- 
ward to very small values at large distances from the center of the configuration. 
In the derivation of equations (33)—(35), we have supposed that the medium is 
surrounded by a rigid conducting wall. But if p and H are small near the wall, the 
forces exerted on the wall are small. The wall then has a negligible effect on the 
physical conditions in the medium. Before discussing the solutions of these 
equations further, we shall show that they are indeed stationary solutions of the 
hydromagnetic equations. 

The condition div H = 0 is automatically satisfied, as we used the magnetic vector 
potential in the derivation of the equations. We shall now introduce cylindrical 
co-ordinates @, yg, and z with L as axis; thus L = Le,. Then L Xr = Laoe,. 
Taking the divergence of equation (34), we obtain 

div (pv) = div (pLae,), (37) 
which vanishes only if p is axisymmetric. Then v and Z are also axisymmetric. 
That a rotating equilibrium configuration must be axisymmetric is physically ob- 
vious, as there is no natural preference for a certain azimuthal angle. Although 
we have not proved that equations (33)—-(35) admit only axisymmetric solutions 
for L # 0, it appears that in the incompressible case, where an explicit solution is 
possible, this is indeed true. We shall thus use the axisymmetric property in the 
following. 

Making use of equation (34), we obtain 


curl (v X H) = —curl {pv X (L X r)} = —curl {apu X e,} = 


ra) a) " ' 
42: (wprs) + = (@pr,) fe, =Ge, div (pv) = 0. 
low dz 


From equations (33) and (34) we have 
1 
Fe curl H X H = curl v X BH = p curl v X v — pcurl v X (LX 7), 
Tv 


and, from equation (35), 


re git ts ta ts epee: ad $ ss } d(Up) 
p grad {'/.\v|/? + #} p grad |L X r-v} + p grad gs 


Writing down the component equations, it is easily seen that 
—pgrad {LX r-v} = peurlv X (LX 7). 


From equations (12) and (14) we obtain, after some reductions, 


p grad ao) = grad P. 
dp 
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Inserting equations (39)—(42) into equation (8), the right-hand side vanishes, and 
it has therefore been proved that equations (33)—(35) correspond to stationary 
solutions of the dynamical equations. If the system does not rotate (L = 0), 
equations (37) and (38) obviously vanish. The system need not be axisymmetric 
in this case. 

4. Incompressible Medium of Constant Density.—We shall consider in this sec- 
tion the application of the above equations to incompressible media, although in this 
case the restriction to a medium inclosed by a rigid wall makes the problem some- 
what artificial. As it was indicated above that this artificiality does not occur in a 
compressible medium, we shall not try to generalize the results to a system with a 
free surface. It is easily verified that the discussion of the preceding sections 
applies also to an incompressible medium, except for the fact that the internal 
energy is not defined in this case and that the gravitational energy is a constant. 
Equation (35) must be omitted, since 6p = 0 in the variational principle. 

Eliminating v by substituting equation (34) in equation (33), we obtain 


87, 

curl H = - — | See e eet” (43) 
1 — 47B?/p 1 — 428?/p 

If the medium does not rotate, the field is force-free except in the special case when 

= p/4zx, which requires a = 0. Then the field is undetermined, and equation 

(34) gives 
H 
v= ——. 
V 4p 


This is the solution discussed by Chandrasekhar,’ who showed that it is a stable 
solution; this is immediately apparent from the present derivation. This solution 
implies strict equipartition between the magnetic and kinetic energies. The solu- 
tion appears here as a rather special case. If the system rotates, the solutions of 
equation (43) are 


(44) 


8x3 


a 


L, (45) 


nm 
H = > OnmH s, =~ 
mm 


where H,,"” represents the nm mode of the force-free fields. If we write the H,,"” 
in components and apply the boundary conditions (15), it is seen that H must 
be axisymmetric. 

5. Compressible Media.—In a compressible medium, we first eliminate v from 
equations (33) and (35), making use of equation (34). We obtain 


curl H = aH + 426? curl (H/p) + 8x8L (46) 


and 
| 1», , Up) is 
—'/,|L X rl? +——— + @ =F. (47) 
dp 

If the medium is not self-gravitating, these equations have to be solved directly for 
Hand p. If the medium is self-gravitating, we must take the Laplacian of equa- 
tion (47) and eliminate V?@ by means of equation (11). In both cases we have 
to solve a non-linear equation. 
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Since we deal with axisymmetric configurations, we may express H and v more 
conveniently in terms of scalar functions. For H and for the divergence-free part 
of v we make use of the representation first given by Liist and Schliiter.* > In the 
expression for v we have to add the gradient of an arbitrary function to account for 
the irrotational part of the velocity field. Thus 


oP bi 
HH = aie @g + of'e, + i 


oO 
‘ 2pP % 
a (a-P je, 


oul ow ‘ e ow 
y=(-0% + reg tal e+| ie. (ol) ow lec (49) 


where W is the scalar, which defines the irrotational part of v. If we insert these 
equations in equations (33)—(35), with the z-axis again along Z, we obtain the equa- 
tions 


T = aP + 4n8V, (50) 
A;P = —aT + 478A; Ul, 
p(V — L) = BT, 


2(@? Ul) OW _ , Xa"? 
oi oar i” 


O(@7 Ul) ow 3 O(@*P) 
fo) = ; 
. 0@ . Z 0@ 


"as raya @O® ns 
d(U’p) 


eV? — 2La’V + 2 
dp 


+ 2@=2%. (55) 
Here A; is the five-dimensional axisymmetric Laplacian introduced by Chan- 
drasekhar.® There are thus six equations to solve for the six unknown scalars P, 
T, V, U, W, and p. The scalars T and V may be eliminated immediately with 
equations (50) and (52). Thus only four equations remain. In general, a nu- 
merical solution is required, as equation (55) is rather complicated. But, for a 
few cases, explicit solutions are possible which we shall discuss elsewhere. 

6. Discussion.—In the preceding sections we have derived the equations which 
have to be satisfied by the stable equilibrium configurations. The most 
important result is that, in general, motions are needed to obtain a non-force-free 
solution. There is some observational evidence that solutions with motions are 
frequently realized in nature. For example, Babcock® has established that some 
S stars have strong magnetic fields, in fact, so strong that they must be near the 
limit of magnetic stability, according to Chandrasekhar and Fermi.’ The tech- 
netium lines in the spectra of these stars are conclusive evidence that rapid motions 
must take place all through the star.* In the galactic system, the differential rota- 
tion and the systematic deviations from circular motion revealed by radio observa- 
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tions® are indications that, if the system is in some kind of equilibrium, it must be 
a dynamic equilibrium. We shall consider the astrophysical implications of the 
present solutions in more detail in a later paper. 

We have discussed up to now only the nature of the stable solutions, but equally 
important is the question of how a system, starting from a given initial state, can 
reach the stable state. Clearly, some dissipation mechanism is needed for a system 
to lose its excess energy over the state of minimum energy. In most astrophysical 
connections viscosity and Joule dissipation may be neglected. But the production 
of hydromagnetic waves may prove to be a most important mechanism. For these 
waves can be damped, for example, in the Galaxy by accelerating cosmic rays.'® 
Such waves are produced by accelerations perpendicular to H. Thus a term 
—n(Ov/dt) X H should be added to the equation of motion (8). Such a term 
affects only the angular-momentum integrals and the energy integral. The change 
in angular momentum is due to the fact that some angular momentum may be 
carried away by cosmic-ray particles or electromagnetic radiation. The change 
in the energy integral is just what is needed, for it enables the system to attain the 
state of minimum energy. It is probable that in stars the hydromagnetic waves 
are also strongly damped, but a full discussion of the dissipative processes is out- 
side the scope of the present paper. 


In conclusion I wish to express my indebtedness to Professor 8. Chandrasekhar, 
who first drew my attention to the importance of variational principles in hydro- 
magnetics, for numerous discussions and much valuable advice. I also wish to 


thank Professor C. C. Lin for valuable comments on the variational principle. 
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ON THE EQUILIBRIUM CONFIGURATIONS OF AN INCOMPRESSIBLE 
FLUID WITH AXISYMMETRIC MOTIONS AND MAGNETIC FIELDS 


By 8S. CHANDRASEKHAR 
UNIVERSITY OF CHICAGO 
Communicated June 26, 1958 


1. Introduction.—In the preceding paper,' L. Woltjer has obtained the realiz- 
able equilibrium states of a configuration with internal motions and magnetic fields 
by a variational principle in which the total energy of the system is minimized, 
keeping the various other integrals of the equations of motion as constants. It is 
clear that if we restrict ourselves, from the outset, to motions and fields which are, 
say, axisymmetric, then we should expect to obtain equilibrium states which are not 
included in Woltjer’s general treatment. But one would not expect these addi- 
tional states, attainable only by a restricted class of motions and fields, to be realized 
in practice. However, it may be instructive to see how exactly this enlargement of 
the class of permissible equilibrium states comes about when we restrict the motions 
and the fields to some special class. With this object, we shall consider the attain- 
able equilibrium states of an incompressible fluid mass with motions and magnetic 
fields which are axisymmetric at all times. 

2. The Equations of Motion.—Consider, then, an inviscid incompressible fluid 


of density p in which the motions (v) and the magnetic field (H) have symmetry 


about an axis. 
Instead of H, it is convenient to introduce the variable 


aan 
(43p)'? 
Defined in this manner, A is of the dimensions of a velocity, and, like a velocity, 
the energy associated with it (per unit mass) is 1/,| h| 2 
The fields h and v are both solenoidal; they can be represented in terms of four 
scalar functions P, 7, U, and V in the following manner:* * 
oP 


1a 
= -9- - — (@*P)I, 
h @— Ig + oT 1, + - — (@'P)I:, 


(1) 


y 


U 1 
v= we lo + oV1, + - Nd (@°V)1,, (3) 
Oz @ Om 


where @, ¢, and z define a system of cylindrical polar co-ordinates (with the axis of 
symmetry in the z-direction) and 1g, 1,, and 1, are unit vectors along the three 
principal directions. 

The equations of motion governing P, 7, U, and V are (cf. Chandrasekhar,* 
eqs. [35]-[38]) 


oP 
o* hi [@*U, oP], (4) 


oT 
@ >, = (oil, T+ IV, oP), 


842 
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OV 
a at = [@T, oP) + [oU, oV), 


O . F ; ra) 
A;U = [A;3P, oP] — [A;.U, &U)| + o (T2 
o> [As i [a | 5 ( 


where we have used the notation 


O(¢, ¥) _ I dY dG dY 


? = = 9 
le, ¥] O(z, @) Oz OW Ow Oz (9) 


3. The Integrals of the Equations of M otion.—We shall suppose that on the bound- 
ary of the configuration 
P= T =U =0 (onthe boundary). (10) 


We shall presently show that, with these boundary conditions, equations (4)—(7) 
allow the following seven integrals: 


I, SS f(@? P)wdadz = constant, (11) 
I, = ff wPTdadz = constant, (12) 
I; = Sfo(PAU — VT)dadz = constant, (13) 
I, = Sf &PVdadz = constant, (14) 
I; = SS w*Vdadz = constant, (15) 
I, = Sf wTdadz = constant, (16) 
and 
2E = Sf o(—PAP + T? + V? — UA,U)dadz = constant, (17) 
where the integrations are over the whole volume occupied by the fluid; also, in 
equation (11) f is an arbitrary function of the argument oP. 

Four of the seven integrals, equations (11)—(17), have counterparts in the general 
non-axisymmetric case considered by Woltjer: /;and # are the angular momentum 
and the energy integrals; and J, and J; can be shown to be equivalent to the in- 
tegrals 


SSS A- curl A dx dy dz = constant (18) 
and 
SIS H-v dx dy dz = constant, (19) 


derived by Woltjer. (In eq. [18], A is the vector potential). The remaining three 
integrals, J;, Z4, and Js, have no analogues in the non-axisymmetric case: they are 
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peculiar to axisymmetry. As we shall see, it is the existence of these three addi- 
tional integrals which brings about the enlargement of the class of attainable 
equilibrium states in the case of axisymmetry. 

In establishing the integrals (11)—-(17), we shall find the following two lemmas 
useful. 

Lema 1. 


SS fle, vldadz = —SS olf, vldadz, (20) 


provided, that at least one of the two functions f and ¢ vanishes on the boundary. This 
follows by integrations by parts. An immediate consequence of equation (20) is 
LEMMA 2. 


SS olv, dldadz = — Sf vl, oldadz = 0. (20’) 


We shall now indicate how the constancy of the various integrals can be estab- 
lished. 
Considering /,, we have 


dh -f dj(@P) |, oP 
or * at dae 


oP) et, ot 
“ff de spy | ol, oP \dadz 


df(a*P) 
- : : = 0. 
ff ox uo |e spy? a? | dadz = 0 (21) 


This establishes the constancy of J. 
To prove the constancy of J2, we multiply equations (4) and (5) by T and a’P, 
respectively, and integrate over the volume. On making use of the lemmas, we find 


oP 
[for * dadz = + [free oP |\dadz 22) 


oT 
[for St dadz = — f T ([w’U, oP \dadz. (23) 


On adding these two equations, we obtain the required result. The constancy of J, 
similarly follows from equations (4) and (6), after multiplying these equations by 
appropriate factors and integrating. 

To prove equation (13), we first multiply equations (4) and (7) by A;U and oP, 
respectively; then we integrate them over the volume and add. The result is 


d ra) 
: f [Pasvidands = for? (T? — V?)dadz. (24) 
dt Oz 


Similarly, by multiplying equations (5) and (6) by w°V and 7, respectively, inte- 
grating over the volume and adding, we obtain 
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( 
=f fers (T? — V?)dadz. 
Oz 


From equations (24) and (25) the required constancy of J; follows. 

The integrals (15) and (16) follow directly from equations (5) and (6) on integra- 
tion. 

Finally, to prove the energy integral (17), we multiply equations (4), (5), (6), 
and (7) by —A;P, #7’, V, and —aU, respectively, integrate over the volume, and 
add. We find that the result vanishes. Hence 


j or”. i = : ,, OU) 
o*) —A;P -(T?+ V*) —UA -dadz = 0. 26) 

J Meg Ae Real ar - 
On the other hand, if XY and Y are any two functions which vanish on the boundary, 
then it can be readily shown that 


SSX A:Vdadz = ff we VANdadz. (27) 
Using this self-adjointness property of A;, we can rewrite equation (26) in the form 


ld 
2dt 


J i o*(—PA,P + T? + V2 — UAU)dade = 0: (28) 


and this proves the constancy of E. 

4. The State of Lowest Energy.—Arguing as in Woltjer’s paper, we conclude that 
the final state of equilibrium which an incompressible fluid mass, preserving its 
axisymmetry, can attain is the state of lowest energy compatible with the constancy 
of the integrals J,, Js, ..., Js. We must therefore require that 6£ = 0 for all in- 
finitesimal variations 6P, 67, 6U’, and 6V which leave /;, Jo, ..., 7s unaltered and 
which vanish on the boundary. With the aid of Lagrangian undetermined multi- 
pliers (aj, ..., a) we can express this condition as 


6 
bE + do al; = 0 (29) 
j=1 


for arbitrary infinitesimal variations 6P, 67, 6U’, and 6V which vanish on the bound- 
ary. Making the requisite variations, we find that the condition is 


[ fertar| -a.r + a 3 aT =“ aj A;U 2 aua't | + 
. a(@ 


2 ?) 
6T(T + oP — asV + 06/0] + 5U[—AsU + asdsP] + 
SV [V — oT + agsP + as} bdesd: ini 


Since 6P, 67, 6U, and 6V are arbitrary, we must have 


MP = oy) + eT + cabs + a'V, 
d(a@*P) 


a3V a i + a2P + ag /”, 
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a3] = a a”P + as, (33) 
and 
A;U = azA5P. (34) 


Since U and P are both to vanish on the boundary, it follows from equation (34) 
that 
U = asP. (35) 
Solving equations (32) and (33) for T and V in terms of P, we find 
(as? — 1)T = (a2 + azaye?)P + azsas + ac/o? (36) 
and 
(a3" = 1)V = (ara + aye") P + as a a3ag ‘op. (37) 
Substituting for U, 7, and V from equations (35)—(37) in equation (31), we find, 
after some rearrangement of the terms, 


~—(a;? — 1)?AsP = a?P + avotP + ayaso? + (acas/@*) + 


= + 2Zarazaye’P + arazas + mens & (38) 
d(@*P) f 


Ja(as* — 1) 


Since f(@’P) is an arbitrary function of #?P, we can absorb in it (so long as 
a;? ~ 1) the terms which are constants or functions of w?P. Accordingly, we may 
rewrite equation (38) more simply in the form 


(a3? — 1)?A;P = —a2P — avo'P — ayasm? — (aras/w?) + P(@’P), (39) 


where ® is an arbitrary function of the argument. It is to be particularly noted 
that the occurrence of the arbitrary function, ®, in equation (39) is directly to be 
traced to the very special integral (11) which the equations of motion of an incom- 
pressible fluid allow in the case of axisymmetry. 

It can be verified by direct substitution that equations (35)—(39) do satisfy the 
equations of equilibrium (which are given by eqs. [4]-[7] with the left-hand sides 
set equal to zero). 

Special Cases.—We shall now consider some special cases of equations (35)— 


In case there are no motions (U = V = 0), the surviving equations are 
AsP = —ar*P —(arag/o?) + P(aP) (40) 
and 
T = —aP — a¢/o*. (41) 
Equation (40) should be contrasted with the equation (Chandrasekhar and 


Pendergast,‘ eq. [26]) 


q d 9 9 
AP = —T —— (#°T) + %(@°P) (42) 
d(@’P) 
derived from the equations of hydrostatic equilibrium; in equation (42) o?7' is an 
arbitrary function of w’P. This latter arbitrary function does not occur in equation 
(40). The origin of the elimination of this arbitrariness is the same as in Wolt- 
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jer’s® first discussion of force-free fields. It is, however, apparent from equation 
(40) that in an incompressible medium an axisymmetric force-free state (& = 0) is, 
in general, unattainable as an equilibrium state via axially symmetric non-equilib- 
rium states. And the reason for this is again the existence of the integral J). 
b) In case there are only toroidal motions and poloidal magnetic fields, 
ge a a= 0, V = —ao’P + a5, (43) 
and 
A;P => —ay’otP a 014.0509" + @(a*P). (44) 
These equations express Ferraro’s law of isorotation in a very specific form. 
c) Finally, consider the case when there are no meridional motions (U = 0). 
Then 
(45) 
The remaining equations become 
T = —a@P — a¢/o*, V = —ag@’P + as, (46) 
and 


AsP = —a,*P ~~ ay’a'P ~ 4050)" — (aoa, ‘@*) + P(o"P). (47) 


This equation should be contrasted with the general solution of the equations of 
equilibrium (ef. Chandrasekhar,* eq. [55}) 


ie! a ak a 
A;P = —T7 (wT) — oI + O(@*P), (48) 


d(@*P) d(@*P) 


where @°7' and V are arbitrary functions of #P; we observe that in equation (47) 
these functions have become specified. 

6. Conclusion.—The principal conclusion to be drawn from the analysis of this 
paper is that incompressible configurations with axisymmetric magnetic fields and 
fluid motions which depend on the integrals /;, /;, and /, are not likely to have any 
practically realizable counterparts. 


I should like to record my indebtedness to Dr. L. Woltjer: it is apparent that 
the present paper derives from his investigations. 

The research reported in this paper has in part been supported by the Geophysics 
Research Directorate of the Air Force Cambridge Research Center, Air Research 
and Development Command, under Contract AF 19(604)-2046 with the University 
of Chicago. 
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THIOLATION OF PROTEINS* 
By REINHOLD BENEsCHT AND Ruta E. BENESCH 
MARINE BIOLOGICAL LABORATORY, WOODS HOLE, MASSACHUSETTS 


Communicated by Henry Lardy, July 24, 1958 


INTRODUCTION 


In view of the importance of sulfhydryl groups and disulfide bonds for the bio- 
logical and mechanical properties of many proteins, we have been interested in find- 
ing a method by which these groups could be introduced into proteins de novo. We 
had found previously that N-acetylhomocysteine thiolactone (AHTL) reacts 
smoothly with amino acids to form N-acetylhomocysteine peptides:! 

s SH 
~ | 
CH, C—O a RNH, = 


CH.-CH 


i t 
NHCOCH; CH;COHN—CHCONHR 


The application of this reaction to the thiolation of proteins was limited by the 
fact that a relatively high pH and long reaction times were required to obtain good 
yields. We have now found that in the presence of silver the thiolation proceeds 
rapidly at room temperature in aqueous solution at pH 7.5. A similar effect of silver 
on the aminolysis of certain thiolesters has been reported by Schwyzer.? Some- 
what unexpectedly, silver and AHTL react to form an insoluble complex. A 
maximum of 2 Ag+ per mole of AHTL is bound and one proton is liberated for each 
equivalent of silver. It is the insoluble silver complex which reacts with protein 
amino groups. 


METHOD OF THIOLATION 


The reaction is carried out by treating an aqueous solution containing the protein 
(3-5 per cent) and AHTL (ef. Table 1) with alternate increments of AgNO; and 
NaOH to keep the pH at 7.5, until a total of 1 mole of silver per mole of AHTL has 
been added. The reaction is complete when all the Ag AHTL complex has dissolved. 
This takes about 1 hour. The clear yellow solution of the silver mercaptide of the 
thiolated protein is adjusted to pH 2.5 and enough thiourea is added to convert all 
of the silver into the soluble Ag(thiourea).* complex. This complex ion is removed 
with Dowex 50, and the protein is washed off the resin with acidified 1 M thiourea 
solution. The effluent protein solution is then brought to pH 7 and passed through 
Amberlite IRA 400 in order to remove some N-acetylhomocysteine which is 
formed as a by-product due to hydrolysis of AHTL. The protein solution is finally 
freed of thiourea and salts by dialysis under nitrogen and lyophilized. 

Some special advantages of this method might be emphasized: 

1. The —SH group is linked to the protein by a stable, covalent bond, i.e., a 
peptide bond. 


<i 848 
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2. The —S—CO— bond serves the dual purpose of activating the carboxyl 
group and protecting the —SH group in the thiolating reagent. 

3. After the opening of the ring, the —SH group is protected by silver. 

4. The reaction proceeds under very mild conditions, i.e., in aqueous solution, at 
neutral pH and room temperature. 

5. The specificity of the method for primary amino groups seems to be of a high 
order, since a close correspondence was found between loss of amino groups and 
formation of —SH groups (Table 1). 

6. The number of —SH groups introduced can be varied over a wide range 
simply by changing the ratio of AgAHTL to protein (Table 1). 


TABLE 1 
THIOLATION OF GELATIN 


Moves REAGENT Groups PER 10 Gn. 
perR—NH: Group Initial —-N H2* Final —N H2* —N Hz: Blocked SH Formedt 


32.5 22.3 10.2 10 
36.1 19.8 16.3 16 
32. 12.3 20.2 20.: 
36 11.6 24.5 22. 
10 36. 6.4 29.7 29. 
Determined by formol titration. 


+ Determined both according to P. D. Boyer, J. Am. Chem. Soc., 76, 4331, 1954, and R. Benesch and R. E. 
Benesch, Biochem. et. Biophys. Acta, 23, 643, 1957. 


PROPERTIES OF THIOLATED GELATINS 


These gelatin derivatives are remarkably stable in the lyophilized state provided 
they are kept dry since their —SH titer does not change appreciably over a period 
of several weeks. They dissolve readily in water to form clear, colorless solutions. 
They form heat-reversible gels with melting points only somewhat lower than those 
of the gelatins from which they were derived. As would be expected from the 
decrease in the number of lysine amino groups, their isoelectric points are lower 
(Table 2). Modification of the lysine e-amino groups of proteins is known to re- 
duce their susceptibility to tryptic hydrolysis. Table 3 shows this to be the case 
with thiolated gelatins. 


TABLE 2 
IsogLecTRIC PoInTs or THIOLATED GELATIN 
I.P.* 
Control “A”’ gelatin 6.56 
29 —SH per 10° gm. 4.51 
Control “B”’ gelatin 5.06 
24 —SH per 10° gm. 4.21 


* Isoelectric points were determined by the method of Janus et al., Research, 4, 247, 1951. 


TABLE 3* 
Tryptic HypRo_Lysis or THIOLATED GELATIN 


Groups PER 10° Gm. 
Maximum No. Peptide 
Bonds Hydrolyzed by 
GELATIN Initial —NH: Trypsin 
Control 35.8 51 
Thiolated 8.3 38 


* The intramolecular disulfide derivative (cf. below) was used for this experiment in order to avoid any direct 
effect of the -SH groups on the enzyme. 
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The built-in —SH groups were examined by means of their characteristic absorp- 
tion in the ultraviolet. This spectrum, with a maximum at about 238 my, is a 
property of mercaptide anions (RS~)‘ and can therefore be used to determine the 
degree of ionization of —SH groups.’ The effect of pH on the spectra of a gelatin 
containing 26 —SH groups per 10° gm. is shown in Figure 1. When the —SH groups 


U.V. SPECTRA OF THIOLATED GELATIN 


PH 9.78 





DH 8.93 


Ccsacetiaioatinel Calbia 7.12 


| | | | | 
2.25 2.30 2.35 2.40 2.45 


\ (my) 


_ Fic. 1.—These spectra were obtained by methods previously described.* 
Each spectrum represents the difference between the optical density at the 
given pH and the optical density of the same solution at pH 4.6. 


in this gelatin are oxidized to disulfides, spectra identical with that of the —SH form 
at pH 7.12 are obtained at all pH values up to pH 12. From these data it becomes 
evident that the built-in —*H groups are half-dissociated at a pH of 9.8. This is 
in close agreement with the pK of N-acetylhomocysteine itself, determined by 
the same method (10.0). 


DISULFIDE DERIVATIVES OF THIOLATED GELATINS 
The —SH groups of the thiolated gelatins can be quantitatively oxidized to disul- 
fide bonds with ferricyanide in neutral solution. The properties of the resulting 
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disulfide gelatins depend entirely on the concentration of the protein during the 
oxidation. These reactions are represented schematically in Figure 2. 

a) Oxidation in Dilute Solution (Intramolecular Disulfide Gelatin).—A 0.2 per 
cent solution of thiolated gelatin is treated with a slight excess of 0.1 M potassium 
ferricyanide at pH 7 until the nitroprusside test is negative. Ferricyanide and 
ferrocyanide ions are removed with Amberlite IRA 400. After dialysis the solution 
is lyophilized. The product thus obtained is freely soluble in water. Viscosity 
measurements point to the fact that no intermolecular aggregation has taken place. 
This is further supported by the results obtained with the ultracentrifuge,® which 
show no significant difference between the average molecular weight of the original 
gelatin, the same gelatin after the introduction of 30 —SH groups per 10° gm., and 
the disulfide gelatin obtained from this by oxidation as described above.? 


S 


GELATIN 


THIOLATION __ INTERCHANGE 
GELATIN > GELATIN SH WITH RSH 








GELATIN-S-S-GELATIN 


These intramolecular disulfide gelatins show a dramatically reduced tendency to 
form gels. This is illustrated in Figure 3. It is clear that this drop in melting 
point occurs very sharply at a critical level of disulfide bonds. When the disulfide 
content is greater than 10 —-SS— bonds per 10° gm., the protein does not gel at all 
in concentrations below 4 per cent. These results lead to the conclusion that the 
intramolecular disulfide bonds in these derivatives interfere with the normal hydro- 
gen-bonding mechanism which is responsible for the gelation of ordinary gelatin. 

b) Oxidation in Concentrated Solution (Intermolecular Disulfide Gelatin).—When 
solutions of thiolated gelatins with 17 or more —H groups per 10° gm. are treated 
with slightly less than the theoretical amount of ferricyanide at a protein concen- 
tration of 5 per cent or more, the solution sets almost instantly to a clear, colorless, 
rigid gel. These gels do not melt even at 100° C. and are insoluble in concentrated 
solutions of urea and guanidinium chloride. They can, on the other hand, be 
“melted” by treatment with an excess of a suitable thiol, such as 6-mercaptoethyl- 
amine. The gelation mechanism involving hydrogen bonds has evidently been re- 
placed largely, if not entirely, by intermolecular disulfide bridges. It is well 
known® * that intramolecular disulfide bonds can be changed to intermolecular di- 
sulfide bonds in the presence of catalytic amounts of thiols in alkaline solution 
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ny 
2 


Melting point °C 





10 
Disulfide content (atoms S per 10 °3) 


Fic. 3.—Each point represents a separate thiolated sample which was oxi- 
dized completely as described in the text. All melting points were determined 


at pH 7. 





(“disulfide interchange’). This experiment was therefore tried by adding a trace 
of 8-mercaptoethylamine to a 10 per cent solution of intramolecular disulfide gelatin. 
As anticipated, this results in the rapid formation of a heat-stable gel. 


DISCUSSION 


In principle, the thiolation procedure reported here is applicable to any macro- 
molecule with reactive aliphatic amino groups. In fact, even the insolubility of a 
polymer does not seem to limit its usefulness, since preliminary experiments have 
shown that aminated cotton" can also be substituted with N-acetylhomocysteine 
residues quite smoothly in a manner analogous to gelatin. 

The introduction of as highly reactive a group as an —SH group into proteins 
obviously opens up a large number of possibilities. Coupling of other molecules 
with the newly built-in —SH groups could, of course, be easily accomplished, for 
example, by reaction with alkyl halides to form stable thioether bonds. In this 
way antigens, carcinogens, dyes, etc., could be firmly anchored to the protein mol- 
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ecule. The great reactivity of thiolated proteins with heavy metals deserves 
special mention. This property not only should be very useful for preparative 
work but would be of great advantage for the X-ray analysis of proteins by the 
isomorphous replacement method.!! 

The oxidation of the new —SH groups to disulfides provides, of course, an un- 
equivocal way of introducing stable covalent cross-links into proteins. For ex- 
ample, the work reported here with disulfide gelatins bears out very clearly the cor- 
rectness of the interpretation given by Huggins et al.'* to their observations on the 
gelation of proteins in urea. In general, the deliberate cross-linking of proteins 
through disulfide bonds will permit a direct study of the effect of such alterations 
in the size and shape of proteins on their physical and biological properties. 

* This work was supported by grants from the National Science Foundation. 

+ Established investigator of the American Heart Association. 
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THE INTERPRETATION OF BACTERIAL TRANSFORMATION DATA* 
By LieBe F. CavaLierI AND BARBARA H. ROSENBERG 
LABORATORIES OF THE SLOAN-KETTERING DIVISION, CORNELL MEDICAL COLLEGE, NEW YORK 


Communicated by W. Albert Noyes, Jr., June 25, 1958 


The assay for bacterial transformation in Pneumococcus has been discussed 
critically by Hotchkiss.'_ He pointed out that a measure of the quality of a deoxy- 
ribonucleic acid (DNA) preparation is to be found in the number of transformants 
appearing at high DNA concentrations, when the bacterial sites are saturated. 
Since then, transforming DNA has been subjected to various physical treatments, 
such as sonication, fractionation, and ionizing radiation, and it appears desirable 
to review the problems that thereby arise in the interpretation of transformation 
data. It will be shown here that the changes in transforming ability which ac- 
company the treatment of DNA cannot be simply assessed from either the plateau 
(saturated) region or the linear (low-[DNA]) portion of the transformants versus 
[DNA] curve. There have been a number of attempts at calculating the target 
size of the active unit from data obtained on the linear portion, without proper 
cognizance of all the variables, and it would appear that those results should be 
reassessed. 





854 BIOCHEMISTRY: CAVALIERI AND ROSENBERG Proc. N. A. 8. 


In calculating the size of a genetic determinant from fragmentation data or in 
ascertaining the efficiency of fractionation procedures, the problem of central im- 
portance is to estimate the number of marked DNA molecules (i.e., DNA mole- 
cules containing a genetic determinant which can be assayed) that are present in a 
given mass of DNA. The number of transformants produced by a given mass of 
DNA under specified conditions (hereafter referred to as the “activity” of the DNA 
sample) is not a direct measure of the number of marked DNA molecules present 
in the mixture. In order to relate the activity to the number of marked molecules, 
certain factors have to be considered. This can be most simply demonstrated by 
deriving an equation which connects all the variables. 

The interaction of any given sample of DNA with bacteria may be represented 
by the following relations :*:* 


B+ D,, a BD,, —— D,,' ~ > B’, (1) 


a km Xm [Bo] [Dn] _ a km Xm [Bo] (D] X 


Spee ne : 9 
as 1 + Kn[Dn] 1 + K,,[D]X (2) 


where [Bo] is the total concentration of bacterial sites; [D] is the molar concentra- 
tion of unbound DNA (it should be noted that this is not the total weight of DNA, 
which is ordinarily used for convenience in plotting data); X is the mole fraction of 
marked molecules; [D|X = [D,,] is the molar concentration of unbound DNA 
possessing a given marker; BD,, represents the DNA-bacterial (surface) complex; 
D,,’ represents absorbed but non-genetically incorporated DNA; B’ represents 
transformed cells; v;, is the rate of transformation, based on moles of transform- 
ants; @ is the probability that D,,’ will be incorporated into the genome; K,, = 
ky/(ke + km); and ky/k, may be regarded as the binding constant of marked DNA 
to the bacterium. Under the usual conditions of assay,' absorption is the limiting 
step in transformation: the initiation of transformation (absorption) is terminated 
by destruction of external DNA, followed by sufficient incubation time to permit 
development of the maximum number of transformants and therefore maximum 
incorporation of the absorbed DNA into the genomes. Thus the step(s) following 
D,,’ need not be considered in a kinetic treatment. Equation (2) is valid in the 
absence of competitor DNA (i.e., when X = 1). However, since DNA contains 
largely unmarked (competitor) molecules, another term must be added. In this 
case, we must consider 


ky’ 
B+ D. —— BD., 


where BD, represents the inactive complex, i.e., one which produces no transform- 
ants, and equation (2) becomes 


akmK m [Bo ] [D|X 


1 + K,[D]X + K.{D] (3) 


vr = 
where K, = k,'/ke’, the competitor binding constant. The concentration of un- 
marked DNA molecules, [D] (1 — X), is closely approximated by [D], since X is 
small. Equations (2) and (3) refer to a single molecular-weight species of DNA. 
When both marked and unmarked molecules are polydisperse, we have 
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} a [Bo] (km Km,[D]iX1 + kimgKmy[D ]2X2 +...) ait 

1+ Kn D)X1 + Kn,[D]eX2+ ... + K.[Dh + K.[Dle+ ... 
a[Bo)kmKm{D|X 

1 + K,,[D]X + K.[D] 
where [D};, [D]2, ..., are the concentrations of each species of molecule; X,, X2 
are the mole fractions of marked molecules in each species; kinKm KmgKmsy -- +5 
are constants defined above for marked molecules; K,,, K,,, ..., are constants for 
unmarked molecules. Equation (4), which implies that all these constants may be 
functions of molecular weight, is transformed into equation (5) by converting to 
number average constants,‘ indicated by the bar. 

In comparing various DNA samples, the quantity of greatest utility is the num- 
ber of marked molecules per unit weight of DNA, NX/17. However, in a trans- 
formation experiment the actual measurement (the activity of the DNA sample) is 
the number of transformants obtained under fixed conditions, Nv;,t. (In these ex- 
pressions NV is Avogadro’s number, ¢ is time, WZ is the number average molecular 
weight of the total DN A, and_X is the ratio of the number of marked molecules to the 
total number of molecules.) In order to obtain NX /.M/, it is necessary to asceriain 
the amount of DNA irreversibly absorbed by the bacteria under the same fixed 
conditions. This can be done straightforwardly by the use of P*-labeled DNA: 
The (molar) rate of absorption is expressed by an equation similar to equation (5): 

co [Bolkim+cKm+elD) , 

nr 1+ Ani-[D] 
here X and the inhibition term, K,{D], are omitted, since P*®? absorption experi- 
ments cannot distinguish between marked and unmarked DNA. Experimentally, 
one obtains the weight of DNA absorbed, \W7ypstavet (ans is the number average 
molecular weight of the absorbed DNA). Division of the experimental quantities 
and multiplication by 17/7 gives 

Novel NknKmX (1 + Kne[D])a M 
MavWaret = Mima eKmic(1 + Rn([D]X + K.[D]) Mave 


ver = 


(4) 


Ver = 


(5) 


(6) 


(7) 


It may be assumed that, since most of the DNA molecules are unmarked, K, = 


Kase and 


Not ai NkmKmX (1 + Kimye[D]) M (8) 
Mavsarst = Mking Kmail + Km[D]X + Knsc[D]) Mavs 
In the linear region of low [D], equation (8) becomes 
Nvut ) RK, M | (NX 

Mastirt ~ VKmscKmse Maral ( M 

In the plateau region, equation (8) becomes 
Nowt M kK mK m+ 00! (XX) ee a eee (X) 
Dosad Mk. K. RX +K)\ a) "eK... Bai V8 
(10) 

Since X is very small, the A,,X term is negligible. 
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Thus, the experimental quantity on the left of equations (9) and (10) will be 
proportional to the number of marked molecules per unit weight (NX /J7) when 
a and the bracketed quantity on the right side of the equations are constant for all 
the DNA samples compared. The probability a may also be a function of molecular 
weight but it is difficult at present to predict the nature of this function. It cannot 
safely be assumed to be constant, as has always been done in the past. We will 
show later on that K,, and K,,,, depend on molecular weight, and it is likely that 
km and kms also do. The value of M,,s is also an unknown function of molecular 
weight, since it depends on k,,,, and K,,,,.. In addition, the problem of poly- 
dispersity renders an explicit solution still more difficult. Calculation of the size 
of a genetic marker is obviously beset with a formidable set of variables. 

The same restrictions apply to the interpretation of transformation data obtained 
from fractionated DNA samples where NX/M may be changed by separation 
rather than destruction of markers. DNA fractions differing in molecular weight 
or degree of polydispersity will inevitably differ also in activity, even though they 
may have the same marker concentrations, due to differences in the first two terms 
of equations (9) or (10). 

We have performed an experiment which demonstrates that activity values can 
be insidiously misleading. A mixture of DNA was prepared containing 10 per 
cent (by weight) of high-molecular-weight (3.5 million) DNA containing a marker 
and 90 per cent low-molecular-weight (ca. 100,000) unmarked DNA. The number 
of transformants at the plateau from this mixture was 90 per cent of that obtained 
from the undiluted high-molecular-weight (standard) DNA. This shows that the 
low-molecular-weight fragments were not very effective competitors; in other 
words, the binding constant decreases with molecular weight. More important, 
however, is the fact that the observed light-scattering molecular weight of the 
mixture was about 350,000, which, in the absence of knowledge of the mixture 
composition, might lead to the erroneous supposition of a low-molecular-weight 
fraction containing a high proportion of the active DNA. On the linear part of the 
curve of transformants versus total weight of DNA, the activity of the mixture 
was considerably lower than that of the standard, as would be expected both for 
such a mixture (due to dilution of the active component) and for a homogeneous 


low-molecular-weight active sample (due to lowered k,,K,,; see eq. [5]). Further- 
more, since the mixture and the standard differed greatly in polydispersity, absorp- 
tion measurements would have had little or no effect on the results. The danger 
arising from contamination of DNA samples by a small amount of marked DNA 
of higher molecular weight is thus manifest. 

The suggestion that binding and velocity constants changes with decrease in 
molecular weight was based on the following experimental evidence. We have 
measured the rate of absorption of P*?-labeled DNA samples of varying molecular 
weights and found that the mass of DNA absorbed (Mapsvanst) under fixed condi- 
tions at plateau concentrations decreases sharply with molecular weight.6 This 
decrease is undoubtedly associated with a decrease in the absorption velocity 
constant (k,4.). Inhibition experiments similar to that discussed above, show 
that the binding constant also decreases with molecular weight. Clearly, then the 
constants in equations (9) and (10) must be evaluated as a function of molecular 
weight if the desired information (VX /M/) is to be obtained. 
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SUMMARY 


The treatment of bacterial transformation data is discussed and equations are 
developed connecting the variables. It is shown that the observed number of 
transformants is the product of three factors, namely: a) the number of marked 
DNA molecules present (NX/J), b) the ability of these molecules to enter the 
bacterium [(KimnKin/Km+cKm+e)(M/Mavs)| and ec) the ability of the molecules 
which have entered the cell to become part of the genome. To calculate the sizes 
of genetic markers or to estimate the efficiency of fractionation procedures the 
quantity NX /M must be evaluated from the observed data. To do this the terms 
b) and c) must be known. Absorption and inhibition experiments are presented to 
show that 6) is a function of molecular weight, and it is possible that this is also 
true of c). Since at present the nature of the functior is unknown, an explicit solu- 
tion for the number of markers present is impossible. It is concluded that the 
estimation of the size of a marker presents formidable difficulties. Further, the 
“sizes”? that have been calculated in the literature, on the implicit assumption that 
b) and ¢) are constant have no meaning at the molecular level. These values are 
clearly some indefinable average of molecular parameters. The same criticism 
applies to fractionation procedures. 


We wish to thank Dr. Francis M. Sirotnak for invaluable aid in this work and 
Dr. George Bosworth Brown for his encouragement and interest. 
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‘For example, 5 kimeKm[D]iXi = kmKm 20 [D]iXi = kmKm(D)X. 

t 


J 
5 Although K,, as previously defined, is a binding constant, whereas Km +¢ (like Am) has a second 
term (km4c, the absorption rate constant) in the denominator, they may be considered equal, 
since km 4- is relatively small (see n. 2). 
* L. F. Cavalieri and B. H. Rosenberg (to be published). 


FREE RADICAL FORMATION IN RIBOFLAVIN COMPLEX ES* 
By Irvin ISENBERG AND ALBERT SZENT-GYORGYI 
INSTITUTE FOR MUSCLE RESEARCH, MARINE BIOLOGICAL LABORATORY, WOODS HOLE, MASSACHUSETTS 


Communicated June 30, 1958 


INTRODUCTION 


If an aqueous solution containing 10~* M tryptophan and 10~* M riboflavin-5’ 
phosphate is frozen, the resultant sample has a red appearance instead of the 
yellow shown by riboflavin alone. This red form can also be seen at room temper- 
ature if more concentrated solutions are used—for example, 10~? M tryptophan 
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and 10~* M riboflavin. Proteins that contain tryptophan, as well as certain trypto- 
phan derivatives, also form red samples with riboflavin. 

This report will present evidence that this red form is a tryptophan-riboflavin 
complex in which a riboflavin molecule has taken up one election from the trypto- 
phan. The riboflavin is then in a semiquinoid form, a free radical. This form of 
riboflavin was first studied by Kuhn and Wagner-Jauregg! and afterward by 
Michaelis and his co-workers.?~4 

Since the work of Michaelis, the reduction of riboflavin to its semiquinone form 
has hardly been studied. Haas® reported that when old yellow enzyme was re- 
duced by hydrosulfite in the presence of TPN, a red color appeared, and he attrib- 
uted this red color to free radical formation. More recently, Beinert® has studied 
the spectral properties of the semiquinoid form of riboflavin, and Beinert?:* and 
Ehrenberg and Ludwig’ have further studied the occurrence of free radicals in 
flavo-protein catalysis. 


MATERIALS AND METHODS 


We have found it convenient to study the red riboflavin complex in two ways. 
For qualitative visual observations, aqueous solutions were frozen in dry ice. In 
this form, complex formation is greatly enhanced over room-temperature condi- 
tions, and direct and easy observations may be made as to which samples do con- 
tain complexes and which samples do not. 

For quantitative studies the samples were studied at room temperature in phos- 
phate buffer, pH 6.90, by means of a Beckman DKI recording spectrophotometer. 


The sample compartment cuvette contained the mixture to be studied—say, ribo- 
flavin and tryptophan—while the reference cuvette contained riboflavin of a molar- 
ity equal to the sample. In this way, by balancing out most of the riboflavin ab- 
sorption, the complex absorption becomes a major component of what is recorded 
by the instrument. It should be noted that this technique does not lead to an 
exact balancing-out of the riboflavin. To achieve an exact balance, one would 
need to use a riboflavin concentration equal to the free riboflavin concentration in 
the sample cell rather than the fofal concentration there. It should therefore 
be recognized that the peak at 500 mu reported below is not the true peak for ab- 
sorption by the complex. The true peak will lie at somewhat shorter wave lengths. 
It also follows that the molar extinction at the peak for the complex absorption will 
be somewhat higher than that at 500 mu reported below. 


RESULTS 


a) Qualitative Observations.—10~-* M riboflavin-5’-phosphate was frozen in the 
presence of a number of amino acids, tryptophan derivatives, and several trypto- 
phan-containing proteins. The results are shown in Table 1. A minus sign indi- 
‘ates no shift in color from a riboflavin control, while a plus sign means a shift 
toward the red. 

b) Quantitative Observations.—Upon balancing 10~* M riboflavin-5’-phosphate 
with varying concentrations of tryptophan against 10~* M riboflavin-5’-phosphate, 
all in phosphate buffer pH 6.90, a peak at 500 my was obtained. Riboflavin-5’- 
phosphate in 10 per cent HCl, reduced to a red form by sodium hydrosulfite, also 
vielded a peak at 500 my when balanced against unreduced riboflavin-5’-phosphate. 
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TABLE 
Partner of 10-3 M Riboflavin-5’-Phosphate Appearance at —78° C. 
10-* M tryptophan + 
10-5 M tyrosine = 
10-* M phenylalanine 
10-3 M histidine 
10-8 M 5-hydroxytryptamine (serotonin ) 
1-Benzyl-2-methyl-5-methoxy-N , N-dimethy] 
tryptamine hydrochloride* 
1-Benzyl-2-methy1-5-methoxy-tryptamine 
hydrochloride* 
1-Benzyl-2,5-dimethy] serotonin 
1-Benzyl-2,5-dimethyl bufotenine 
1-Methyl medmain 
d-Lysergic acid diethylamide tartrate (LSD-25)+ 
1 Per cent bovine plasma albumin 
1 Per cent myosin 
0.3 Per cent actomyosin 
3 Per cent Casein 


++t+++t++t++ + +1 


* The authors would like to thank Dr. D. W. Wooley for giving them samples of these compounds. 
* The authors thank the Sandoz Pharmaceutical Company, Hanover, New Jersey, for a sample of LSD-25. 


This agrees with the value of 503 my reported by Beinert® for the difference maxi- 
mum of the semiquinoid form in 1 M HCl. Since the red form is stable only in 
strong acid solution,? the tryptophan must, in some way, stabilize this semi- 
quinoid form at neutral pH. The most obvious way to do this is by complexing. 
It will be assumed that a complex forms in a one-to-one fashion, so that 


Tryptophan + riboflavin = (reduced riboflavin, oxidized tryptophan complex) 


Let ¢ = total tryptophan concentration in the sample; r = total riboflavin concen- 
tration in the sample; ¢ = concentration of the complex; k = dissociation constant 
for the complex; and K = 1/k. 

It will be assumed that the extinction of the complex bears a simple Beer’s law 
relationship to the complex concentration. Since we are measuring a difference 
spectrum and since we have assumed that one molecule of semiquinoid riboflavin 
forms for every molecule of riboflavin that reacts, we have 


E = AeCl, 


where E = recorded extinction at 500 mu; Ae = molar extinction of the complex 
at 500 my minus the molar extinction of oxidized riboflavin at 500 my; C = concen- 
tration of the complex; / = cell path length, in our case 1.000 em. 

The tryptophan concentrations used were always at least twenty times that of the 
riboflavin concentrations, and therefore they necessarily greatly exceeded the com- 
plex concentrations. Under these conditions 


= IrK K. 


l 
E 


Thus a plot of 1/t versus 1/E should yield a straight line. The intercept on the 
abscissa yields 1/Aelr while the intercept on the ordinate yields — K. 
Figure 1 shows some typical data for tryptophan and also typical data for sero- 
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Fig. 1.—Plot of inverse concentration of riboflavin-5-phosphate partner, 1/, versus inverse 
extinction, 1/E. The riboflavin-5'-phosphate concentration was 10~‘* M in both the sample and 
the reference cell. 


tonin. It can be seen that straight-line plots do give reasonable representations of 
the data. A more striking result, however, is that, within experimental error, 
both plots have the same intercept on the 1/£ axis. This is further confirmation 
that the measured absorption is due to a riboflavin semiquinoid, the semiquinoid 
having a unique molar extinction coefficient whether in the presence of tryptophan 
or of serotonin. On the other hand, the two plots have different 1/¢ intercepts. 
This means that serotonin and tryptophan complex with the riboflavin semiquinone 
with different strengths, serotonin complexing about seven times as strongly as 
riboflavin. The data yield Ae = 2300 liters per mole cm.; K for tryptophan equals 
60 liters per mole, while K for serotonin equals 400 liters per mole. 

Since ¢ for oxidized riboflavin at 500 my is approximately 2,200, we obtain an 
approximate value of 4,500 for the molar extinction coefficient of the complex. 

It is noteworthy that solutions of riboflavin that contain the complex appear 
to be less fluorescent than pure riboflavin solution. 


DISCUSSION 


There has been a recent upsurge of interest in free radical formation in biological 
systems, due, in part, to the development and application of the technique of para- 
magnetic resonance.® © It is therefore of some interest that a semiquinoid form of 
riboflavin can be produced and stabilized at neutral pH by the simple addition of 
tryptophan or of proteins containing tryptophan or of molecules resembling trypto- 
phan. Indeed, as shown by serotonin, other molecules may reduce and form com- 
plexes with riboflavin much more strongly than tryptophan itself. 

It is clear that some of the work that has been done on free radical formation in 
flavoproteins may be subject to reinterpretation. For the tacit assumption has 
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always been made that the flavoprotein itself contained no semiquinoid form be- 
fore the addition of a reducer. This now appears unjustified. This realization 
may also clarify the absorption spectra of certain flavoproteins. Consider the 
absorption spectrum of old yellow enzyme, as given, for example, by Ehrenberg 
and Ludwig.’ The spectrum has two peaks that appear to be similar to the ab- 
sorption peaks of riboflavin. In addition, there is a marked shoulder at about 
490 mu. The work reported here suggests that this shoulder results from the ab- 
sorption of riboflavin-5’-phosphate in a semiquinoid form stabilized by the trypto- 
phan in the protein. 

It is possible that complex formation may be much stronger in tissue than in vitro. 
Just as freezing enhances complex formation in a test tube, so it is possible that in 
closely packed tissues constituents, such as mitochondria, a similar lattice-ordered 
structure of the water favors association.'! Within the cell the complex formation 
might also be favored by additional links, as assumed by Nygaard and Theorell'? 
for the binding of the flavin adenine nucleotide in the old yellow enzyme. So it 
seems possible that the complex formed by flavins with the proteins, via their 
tryptophan, has a major biological importance. This assumption is supported by 
the fact that various tissues contain strongly bound flavins in high concentration. 
The authors are impressed by the very great quantity of strongly bound flavin in 
the liver. In fact, the brown color of this organ seems to be due to the flavin radical 
formed in the charge transfer with the protein. The strong brown color of the liver 
suggests that a considerable part of the structural proteins is present as a flavin 
complex, containing the flavin in a free radical condition. It also follows that the 
tryptophan or protein, complexing with the riboflavin and donating an electron to 
it, is also present as a free radical. 

The charge transfer between protein and riboflavin might have various biological 
consequences. So, for instance, if the electron, donated by the protein to the flavin, 
is drawn from an energy band,'* the resulting hole might make the band conductant. 
This change would be accentuated if the flavins passed the electron thus accepted 
to the oxidation system. If the electrons thus lost by the protein were replaced 
by electrons given off by the dehydrogenated metabolites, DPN or TPN, this would 
mean that the electron transport goes through the protein molecule itself and does 
not take place merely on the surface of the protein, as hitherto believed. 

In any case, if complex formation between tryptophan and flavin plays a major 
biological role, then one would expect that substances which form a similar complex 
with flavins and have a relatively high affinity to it interfere with the normal course 
of reactions and thus show a definite pharmacological effect. It is interesting to 
note that serotonin has a high affinity for riboflavin, and so has lysergic acid and 
bufotenine. These substances, which form similar complexes, have been implicated 
in normal and pathological mental activity. Possibly the described reactions 
might give an explanation of their mechanism of action on the molecular level. 
In this connection it is interesting that the other drugs listed in Table 1 have also 
been implicated in the problems of the activity of the central nervous system. 


* This research was sponsored by the grant H-2042R of the National Heart Institute, a grant 
from the Commonwealth Fund, the National Science Foundation, the American Heart Associ- 
ation for the Aid of Crippled Children, and the United Cerebral Palsy Associations. 
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ON A COENZYMATIC FUNCTION OF ESTRADIOL-178* 
By Paut Tatatay,t BarBara Hurtock, anp H. G. WititamMs-ASHMAN 


BEN MAY LABORATORY FOR CANCER RESEARCH AND DEPARTMENT OF BIOCHEMISTRY, UNIVERSITY OF 
CHICAGO 


Communicated by Charles Huggins, July 28, 1958 


Alterations in the activities of numerous metabolic processes and individual 
enzymes induced by steroidal estrogens have been described, especially in the highly 


susceptible tissues of the female genital tract.'~* It would appear, however, that 
many of these diverse changes are related only indirectly to the primary site of 
action of estrogens, which has not been disclosed by studies of this nature. The 
first experimental demonstration of the direct participation of a steroid hormone 
in an enzymatic reaction of obvious importance in metabolic regulation was made in 
this laboratory, when it was shown that estradiol-178 mediated a reversible transfer 
of hydrogen between the oxidized and reduced forms of triphosphopyridine (TPN) 
and diphosphopyridine (DPN) nucleotides.*- § This hormone-dependent trans- 
hydrogenation is catalyzed by a single protein, which was isolated from human 
placenta, and results from the following coupled reaction in which the steroids func- 
tion catalytically: 


Estradiol-178 + DPN+ = Estrone + DPNH + Ht 
Estrone + TPNH + Ht = Estradiol-173 + TPN+ 


Sum: TPNH + DPN+ = DPNH + TPN+ 
If this enzyme is permitted to react with stoichiometric quantities of estradiol-176, 
it effects the reduction of either DPN or TPN and thus exhibits the properties 
typical of a hydroxysteroid dehydrogenase.*- ® However, with stoichiometric 
amounts of pyridine nucleotides, transhydrogenation occurs in the presence of ex- 
tremely small concentrations (10~7 ) of estradiol-178.4 The hormone isalternately 
oxidized and reduced during this process and can be regarded, therefore, as a 
hydrogen carrier or coenzyme. The ability of this mammalian hydroxysteroid 
dehydrogenase to catalyze hydrogen transfer between TPNH and DPN, or from 
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DPNH to TPN, isa reflection of the comparable reactivity of both forms of pyridine 
nucleotide in the dehydrogenation reaction. 

Since a number of mammalian hydroxysteroid dehydrogenases, other than the 
placental enzyme which reacts with estradiol-178, also possess dual pyridine nucleo- 
tide specificity, ° it was suggested that all enzymes of this class may function as 
transhydrogenases, with their steroid substrates acting as coenzymes. Support 
for this contention derives from more recent experiments,’ which showed that the 
3a-hydroxysteroid dehydrogenase of rat liver would promote hydrogen transfer 
between pyridine nucleotides in the presence of catalytic concentrations (10-* M) 
of steroids which are reversibly oxidized by this enzyme. 

The purpose of this paper is to show that the placental 178-hydroxysteroid 
dehydrogenase which catalyzes the reduction of pyridine nucleotides by certain 
phenolic estrogens is the same protein as that which catalyzes the estradiol-178- 
mediated transfer of hydrogen between DPN and TPN. Partial purification of 
this enzyme and an examination of many of its properties as a dehydrogenase have 
been reported previously by Langer and Engel.*: * A simple purification procedure 
for this enzyme has been developed, and methods have been devised for the measure- 
ment of both its dehydrogenase and its transhydrogenase activities. The delicately 
balanced conditions required for hydrogen transfer have been investigated and 
related to the binding of steroids and of pyridine nucleotides by the enzyme. 
Knowledge of these parameters has permitted definition of the conditions under 
which the steroid-mediated transhydrogenation is reversible. 

It has been suggested‘ that at least some of the biochemical consequences of the 
action of steroid hormones may have their origin in alterations of hydrogen flow 
between the two forms of pyridine nucleotide. On this basis it is possible to formu- 
late a unitary theory of steroid action. A family of hydroxysteroid dehydrogenases 
which function as transhydrogenases is present in mammalian tissues. Such 
enzymes have different specificities for steroids and also are localized in certain 
intracellular districts.4- ® Differences and overlaps in the hormonal action of 
various steroids may be visualized in terms of the strict or partial specificities of 
the hydroxysteroid dehydrogenases. Variations in the response of different tissues 
to particular steroids may be related to differences in their content of hydroxysteroid 
dehydrogenases and the intracellular location thereof and also to the degree to 
which the transhydrogenations they catalyze are rate-limiting to growth or function. 

We are attracted by the simplicity of this hypothesis of metabolic control by 
steroid hormones. Moreover, it has the additional merit of reconciling certain 
aspects of the “metabolism”’ and the ‘“‘action”’ of steroid hormones as two facets of 
the same process, because the steroids undergo chemical transformation when they 
function as coenzymes. Finally, this theory ascribes a coenzymatic function to 
another group of trace substances with profound biological activity. 

EXPERIMENTAL 
THE MEASUREMENT OF DEHYDROGENASE AND TRANSHYDROGENASE 
ACTIVITIES 
The oxidation and reduction of pyridine nucleotides were measured spectro- 


photometrically according to the principles first developed by Otto Warburg." 
If the steroid-activated transfer of hydrogen between pyridine nucleotides is 
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catalyzed by a hydroxysteroid dehydrogenase, then the dehydrogenase and trans- 
hydrogenase activities should parallel each other during purification of the enzyme. 
To prove this experimentally required test systems for both functions in which the 
activities were strictly proportional to the amount of enzyme protein present and 
which permitted the measurement of maximal rates of reaction. The estimation 
of dehydrogenase in the presence of an excess of both steroid and pyridine nucleotide 
presented little difficulty. But the type of assay system for transhydrogenation 
used previously,‘ in which TPNH was continually generated in situ from low levels 
of TPN by the action of auxiliary TPN-specific dehydrogenases, was unsuitable for 
several reasons. The latter enzymes have to be present in excess and must not 
reduce DPN. It was found that maximal rates of transhydrogenation varied 
with the nature of the TPNH-generating system. Experimental details of this 
situation will be discussed below, as well as those relating to another factor which 
complicates such transhydrogenase measurements, namely, the extreme sensitivity 
of the reaction to the amounts of TPN added initially to the reaction mixture. These 
difficulties were obviated by the use of an assay system in which the over-all 
rate of hydrogen transfer from DPNH to the 3-acetylpyridine analog of DPN 
(APDPN)"; was determined. The reaction proceeds according to the following 
equations: 
H*+ + DPNH + Estrone = DPN* + Estradiol-178 
APDPN* + Estradiol-178 ~ H+ + APDPNH + Estrone 


Sum: DPNH + APDPN+— DPN+ + APDPNH | 


It can be followed spectrophotometrically at 400 my, at which wave length APD- 
PNH has an appreciable extinction coefficient (« = 2,500), whereas DPNH does 
not.''» '* Weber and Kaplan'* found that a variety of flavoproteins which are 
present in animal tissues, catalyze hydrogen transfer from DPNH or TPNH to 
pyridine nucleotide analogs which have a higher oxidation-reduction potential, 
such as APDPN. Such transhydrogenations are uninfluenced by steroids, and 
enzymes which catalyze them contaminated even the most purified preparations 
of the placental hydroxysteroid dehydrogenase for which estradiol-178 is a sub- 
strate. Thus a correction must be introduced for this ‘‘non-specific”’ transhydro- 
genation which is independent of steroids. Another complication in the APDPN 
assay for transhydrogenase arose from the presence of variable amounts of estradiol- 
178 firmly bound tothe enzyme. Estradiol-178 was added to stabilize the enzyme 
during the purification procedure. However, it was found that small amounts 
of TPN obliterated the steroid-mediated transhydrogenation but were without 
influence upon the ‘‘non-specific’’ hydrogen transfer. Detailed evidence for the 
latter contention will be presented below. 

The reaction mixture for the measurement of dehydrogenase activity contained in 
a final volume of 3.0 ml.:100 wmoles sodium pyrophosphate buffer of pH 9.0, 25 
mg. of crystalline bovine serum albumin, 0.3 umole of estradiol-178 in 0.04 ml. 
dioxane, 1.44 mole of DPN, and suitable quantities of enzyme. The rate of DPN 
reduction was followed spectrophotometrically at 340 my at suitable time intervals 
against a blank cuvette containing all the ingredients except the steroid. The 
reaction rates were calculated from the linear slopes of the initial portion of the 
reaction and were found to be proportional to the amount of enzyme added over a 
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wide range of protein concentrations. One unit of dehydrogenase activity was 
defined as the amount of enzyme causing a change in absorbance of 0.001 per 
minute under these conditions in a cuvette of 1 em. light path at 25°; this is 
equivalent to the formation of 0.483 millimicromole DPNH per minute. The 
measurement of estradiol-178-dependent transhydrogenase activity required three 
vessels. All of them contained in a final volume of 3.0 ml. : 300 umoles tris(hydroxy- 
methyl)aminomethane (Tris) buffer of pH 7.4, 0.01 ml. dioxane, and appropriate 
amounts of enzyme. Cuvette 1 received no other components. Cuvettes 2 and 
3 each contained both 0.5 umole DPNH and 3.0 umoles APDPN.  Estradiol-178 
(4 wg. dissolved in 0.01 ml. dioxane) was present in cuvette 2, while cuvette 3 
contained 0.02 umole TPN. The reaction was initiated by the addition of enzyme, 
and the absorbance at 400 my of cuvettes 2 and 3 was measured at suitable time 
intervals, cuvette 1 serving as a blank. One unit of transhydrogenase was defined 
as the amount of enzyme causing a change in absorbance at 400 my of 0.001 per 
minute in a cuvette of 1 em. light path at 25°; this is equivalent to the formation 
of 1.2 millimicromoles APDPNH per minute. Figure 1 depicts the results of 


Fig. 1.—Spectrophotomet- 

ric measurement of the 
estradiol-178-sensitive and 
“non-specific” —transhydro- 
genase activities of two prep- 
arations of the placental 
hydroxysteroid dehydro- 
genase. Hydrogen transfer 
from DPNH to APDPN was 
observed at 400 mu as de- 
scribed in the text. The 
upper graphs represent 
measurements in the pres- 
ence of 4 ug. of estradiol-17£, 
and the lower lines those in 
the presence of 0.02 umole 
TPN, all in a final volume of 
3.0 ml. The transhydro- 
genase activities (in units per 
mg. protein) were computed 
from the initial linear portions 
of the graphs. <A, crude 
enzyme (2.94 mg. protein per 
cuvette), total = 4.62; ‘“‘non- F 
specific’ = 2.65, and hence 6 0 
estradiol-178-sensitive = 1.97; 
B, purified enzyme (0.4 mg. ——> MINUTES 
protein per cuvette); total = 
34.3; “non-specific”? = 6.7, 
and hence estradiol 178-sensi- 
tive = 27.6, Temp. 25°. 
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typical transhydrogenase assays on a relatively crude (Fig. 1,4) and a partially 
purified (Fig. 1, B) preparation of the enzyme. The rate of formation of APDPNH 
in the upper graphs represents the sum of the estradiol- 178-sensitive and the “‘non 
specific” transhydrogenase activities. The rates shown in the lower graphs reflect 
the activities of the “non-specific” transhydrogenases. The difference between the 
reaction rates of the upper and lower graphs is thus a measure of the steroid-depend- 


ent transhydrogenase and is compensated for the variable amounts of estradiol- 
178 bound tothe enzyme. In the crude enzyme preparation (Fig. 1, A) the estradiol 
-178-sensitive transhydrogenase represented 43 per cent of the total transhydrogen- 
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ase activity, whereas in the purified preparation (Fig. 1, B) this fraction was 81 per 
cent. The initial rates of reaction were linear with respect to time and were strictly 
proportional to enzyme concentration (Fig. 9). 

The specific activities of dehydrogenase and transhydrogenase were expressed as 
units of activity per mg. of protein. 


PURIFICATION OF ENZYME 

A human term placenta weighing 350 gm. was placed on crushed ice within 30 
minutes of delivery. After thorough chilling, the surfaces were washed with cold 
tap water and the fetal membranes removed. The cotyledons were dissected away 
from connective tissue and blood vessels. All operations were carried out near 
0°, unless otherwise stated. Each of six 50-gm. batches of minced tissue was 
homogenized with 150 ml. of medium in a slow-running Waring Blendor for 1 
minute at 60 volts. The homogenization medium contained 0.001 M cysteine 
hydrochloride, 0.001 M disodium ethylene-diamine tetraacetate (EDTA), 0.01 M 
nicotinamide, and 0.03 M NaHCO;. The homogenate was centrifuged at 2500 x 
g. for 20 minutes, and the fatty disk which rose to the top of the centrifuge tube was 
discarded. Estradiol-178 (15 mg. in 1.5 ml. acetone) was added to the supernatant 
fluid (950 ml.). Calcium chloride (0.1 M, 95 ml.) was then added and the turbid 
suspension was stirred magnetically for one hour and then stored for the same time, 
after which it was centrifuged for 30 minutes at 2500 X g. The agglutination of 
fine particulate material (microsomes) by calcium proved to be less tedious than 
ultracentrifugation (59,000 X g for 1 hour) of large volumes of homogenate. The 
clear supernate was then fractionated by the addition of solid, recrystallized 
ammonium sulfate; the majority of the enzyme activity was precipitated between 
30 and 40 per cent saturation. All the precipitates obtained in this and the sub- 
sequent ammonium sulfate fractionation were dissolved in a solution containing 
0.001 M EDTA, 0.001 M cysteine hydrochloride, 0.01 M Tris buffer of pH 7.4, 
and 5 wg./ml. of estradiol-178. The most active fraction was transferred to a glass- 
stoppered Erlenmeyer flask, immersed in a water bath maintained at 57°, and 
heated with gentle agitation for exactly 15 minutes. After cooling rapidly on ice, 
the heat-treated enzyme was centrifuged for 30 minutes at 20,000 X g. This 
heat treatment was highly reproducible and resulted in a two- or threefold purifica- 
tion with little loss of total enzyme activity. The supernate was decanted and 
fractionated at once by the addition of a saturated solution of recrystallized am- 
monium sulfate (neutralized to pH 7.0 with NH,OH) to give 5 per cent increments 
in saturation. The precipitates were collected by centrifugation and redissolved 
in small volumes of the suspension medium described above. The most active 
fractions were made 25 per cent saturated with respect to ammonium sulfate by 
addition of a saturated, neutral solution of this salt. These slurries retained full 
enzyme activity for at least 3 months when stored at 4°. 

A typical purification is summarized in Table 1. The two most active fractions 
represented a 73 per cent recovery of the initial dehydrogenase activity with a 
yurification of one hundred fold. The apparent twofold gain in dehydrogenase 
activity from step 1 to step 2 is probably related to the removal of particle-bond 
enzymes, which oxidize reduced pyridine nucleotides and thus lead to artificially 
low values for the dehydrogenase activity. 
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TABLE 1 
PURIFICATION OF DEHYDROGENASE AND TRANSHYDROGENASE* 


TRANSHYDROGENASE 


DEHYDROGENASE ACTIVITY 
ACTIVITY ~ Estradiol- Non- 
PROTEIN (Units specific specific 
VoLUME (Me (Units per Mg. (Units (Units 


(ml.) ml.) per ml.) Protein) per ml.) per ml. 


. Supernate of 
original homo- 
genate.. 950 15.6 35 
2. Supernate from 
calcium chlo- 
ride precipita- 
tion 990 
3. First ammonium 
sulfate frac- 
tion (30-40 
per cent). 
. Supernate of 
heat-treated 
No. 3. 
5. Second ammon- 
ium sulfate 
fractions: 
0-10 per cent 2 6.7 620 93 
10-15 per cent 3 20.0 4,100 205 
15-20 per cent 4.5 10.8 2,650 246 
20-25 per cent 4.0 4.9 850 173 


* The methods of assay of the activities are described in the text. 


Ratio or 
DenypRo- 
GENASE 
AcTIVITY TO 
EsTRADIOL- 
SpPeciric 
TRANS- 
HYDROGENASE 
ACTIVITY 


The ratios of dehydrogenase to estradiol-173-specific transhydrogenase activity 


rary from 2.3 to 9.7 and lie between 5.4 and 9.7 for all fractions obtained after 
step 2. The relationship between dehydrogenase and transhydrogenase-specific 
activities is depicted graphically in Figure 2. There is proportionality between 
the dehydrogenase and the estradiol-178—transhydrogenase activities, with no 
tendency for separation of them over a purification range of one hundred fold. 
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Fic. 2.—Relation between the estradiol-178- 
sensitive transhydrogenase, the ‘‘non-specific”’ 
transhydrogenase, and the estradiol-178 de- 
hydrogenase activities of various placental 
fractions obtained during the purification pro- 
cedure. The measurements were carried out 
as described in the text and all the activities 
are expressed as units per mg. protein. 
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However, the rates of the latter functions bear no relationship to the activity of 
the “non-specific” transhydrogenase, which is uninfluenced by estradiol-178. 
Thus the relative enzyme activities observed at each stage of the purification 
provide strong evidence for the catalysis of both the dehydrogenase and the estradiol- 
178-dependent transhydrogenase reactions by the same protein. 

Stability of the Enzyme.—Preliminary experiments showed that the enzyme was 
extremely unstable, even with the most rigorous precautions to exclude contamina- 
tion with heavy metals and to preserve the presumptive sulfhydryl groups in the 
reduced state. The stabilization of the enzyme by low concentrations of estradiol- 
178 was remarkable. For example, one preparation lost 95 per cent of its dehydro- 
genase activity in 24 hours at 4°, while the same sample in the presence of estradiol- 
178 (15 ug/ml) could be heated for 15 minutes at 60° or stored for 24 hours at 25° 
without loss of activity. The placental enzyme binds estradiol-176 firmly, and 
no simple method for the complete removal of the steroid from the enzyme has 
been devised. The ability of small amounts of steroids to stabilize hydroxysteroid 
dehydrogenases has been noted previously.*: * ' 

The fresh placental tissue may be processed immediately or stored at — 15° for 
at least 4 weeks. Supernates of homogenates prepared from frozen placenta 
exhibited little or no dehydrogenase activity, which was marked in more purified 
fractions. The oxidation of DPNH is rapid in crude extracts of such frozen tissue 
and makes the dehydrogenase assays erroneously low. In early experiments‘ each 
placenta was perfused with 0.9 per cent sodium chloride in order to remove hemo- 
globin. However, a comparison of the total and specific dehydrogenase activities 


of extracts prepared from perfused and unperfused portions of the same placenta 
revealed that they were 1.5 to 2 times higher in the unperfused segment, and hence 
perfusion was abandoned. It is not known whether perfusion inactivated the 
hydroxysteroid dehydrogenase or whether the fetal blood contributed significantly 
to the total enzyme activity. 


TRANSHYDROGENATION REACTIONS CATALYZED BY THE 
HYDROXYSTEROID DEHYDROGENASE 


, 


Reduction of Pyridine Nucleotides by Estradiol-178.—In the presence of stoi- 
chiometric amounts of estradiol-178, the purified dehydrogenase catalyzed the 
reduction of DPN, TPN, APDPN, and the 3-pyridinealdehyde analog'? of DPN. 
Desamino-DPN, in which hypoxanthine replaces the adenine moiety of the molecule 
Was inactive as a hydrogen acceptor. The relative rates of reaction with various 
pyridine nucleotides are shown in Table 2. The negligible reactivity of desamino- 
DPN in the estradiol-178 dehydrogenase reaction is particularly interesting, since 
in the experiments of Kaplan and others” all of the DPN-linked enzymes studied 
reacted with desamino-DPN, irrespective of their reaction with other DPN analogs. 
Van Eys et al.'® have also found that the reduction of desamino-DPN by yeast 
alcohol dehydrogenase was much faster in pyrophosphate than with Tris buffers. 
However, the placental hydroxysteroid dehydrogenase does not catalyze the reduc- 
tion of desamino-DPN in either Tris buffer of pH 9.5 or pyrophosphate buffer of 
pH 9.0, whereas the rate of reaction with DPN was observed to be about the same 
under both conditions. 

Transhydrogenations.—Experiments on the dehydrogenase activity of the 
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TABLE 2 
RELATIVE RATES OF TRANSHYDROGENASE AND DEHYDROGENASE REACTIONS WITH PYRIDINE 
NUCLEOTIDES AND THEIR ANALOGS* 
— DEHYDROGENASET TRANSHYDROGENASET 
Rate Rate 
. (Millimicro- Relative (Millimicro- Relative 
NUCLEOTIDE moles per Hour) Rates moles per Hour) Rates 


DPN... ! 410 100 147 100 
174 42.5 

, I 189 46.3 43.1 29.4 

Py ridinealdehyde-DPN : 232 61.0 52.7 38.5 

Desamino-DPN....... 0 0 0 0 

* Optical measurements were taken at the following wave lengths: 340 my» for DPN, TPN, and 
desamino-DPN (e for these nucleotides was assumed to be 6,220); 365 mu for APDPN (e = 7,800) and 
355 mu for pyridinealdehyde-DPN (€ = 7,000). Temp. 25°. 

t The dehydrogenase assays were carrie a out in cuvettes containing, ina final volume of 3.0 ml.: 300 
umoles Tris buffer of pH 7.4; 20 ug. estradiol-178 in 0.01 ml. dioxane; 2.51 meg. enzyme protein; and the 
seaowing quantities of nucleotides: DPN = 0.67 zmoles; APDPN = = "0.7: 5 umoles; pyridine alde hyde- 
DPN = 0.85 umoles; desamino-DPN = 0.78 umoles; and TPN = 0.52 umoles. 

¢ The transhydrogenase conye were carried out in cuvettes containing, in a final volume of 3. 0 ml. 
300 umoles Tris buffer of pH 7.4; 10 uwmoles of glucose -§-phosphate; 0.02 umole TPN; an excess of 
purified yeast glucose ‘Golmubete dehydrogenase; 5.0 mg. of enzyme protein; and the following 
quantities of nucleotides: DPN = 1.34 umoles; APDPN = 1.5 umoles; pyridinealdehyde-DPN = 1.7 
umoles; desamino-DPN = 1.56 uwmoles. 
placental enzyme with various nucleotides suggested that it would catalyze the 
following transhydrogenation reactions in the presence of catalytic amounts of 
estradiol-17,: 


TPNH + DPN+ = TPN+ + DPNH (1) 

TPNH + APDPN*+— TPN+ + APDPNH (2) 

TPNH + Pyridinealdehyde-DPN*+ — TPN*+ + Pyridinealdehyde-DPNH (3) 
DPNH + APDPN*+ +> DPN+ + APDPNH. ; (4) 


All these reactions have been demonstrated as predicted. No transfer of hydrogen 
from TPNH to desamino-DPN was detectable (Table 2), which is consistent with 
the lack of reactivity of the latter nucleotide in the dehydrogenase assay. 

Hydrogen Transfer from TPNH to DPN (Eq. {1)}).—This reaction can be followed 
by measurement of an increase in absorbance at 340 my in the presence of an excess 
of DPN, if TPNH is generated continuously from very low levels of TPN by the 
action of TPN-specific dehydrogenases.‘ Crude preparations of the hydroxy- 
steroid dehydrogenase contained active isocitric and glucose-6-phosphate dehydro- 
genases, both of which are specific for TPN. The most active placental prepara- 
tions were devoid of these enzymes and had to be supplemented with TPN-linked 
dehydrogenases purified from other sources. Figure 3 shows that the steroid- 
mediated transhydrogenation could be measured when the following enzymes were 
used to generate TPNH: isocitric dehydrogenase of rat heart? and either glucose-6- 
phosphate'’ or the TPN-specific acetaldehyde dehydrogenases of yeast.'* Since 
the factors which determine the rate of hydrogen transfer in these systems have 
not been investigated exhaustively, little significance can be attached to the 
differences in rate observed with the three TPNH-generating systems. However, 
limited studies indicated that maximal rates of transhydrogenation are obtained 
when the activity of the generating system exceeds a certain minimum, which 
must be considerably greater than that of the hydroxysteroid dehydrogenase. 
These experiments strengthen previous conclusions that the manner in which 
TPNH is generated is immaterial for the demonstration of this transhydrogenase 
activity of the placental enzyme. 
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Fic. 3.—Rates of trans- 
hydrogenation from gen- 
erated TPNH to DPN with 
various TPNH - generating 
systems. The reaction cu- 
vettes contained, in final vol- 
umes of 3.0 ml.: 300 umoles 
Tris buffer of pH 7.4; 0.02 
umole TPN; 16 units pla- 
cental hydroxysteroid dehy- 
drogenase; and, at time 20 
minutes, 1.4 wmoles of DPN 
were added to all cuvettes. 
In addition to these com- 
ponents, the glucose-6-phos- 
phate (G-6-P) system con- 
tained 10 umoles glucose-6- 
phosphate; 50 umoles MgCl; 

and an excess of the purified 
40 yeast glucose-6-phosphate de- 
hydrogenase (see ref. 18). 
The isocitric dehydrogenase 
system (ICD) contained 1 
umole MnCh, 1.5 wmoles 
isocitrate and an excess of purified rat heart isocitric dehydrogenase (see ref. 17). The acetalde- 
hyde dehydrogenase system (ACHO) contained 50 uymoles MgCl, 2 wmoles acetaldehyde, and an 
excess of purified yeast TPN-acetaldehyde dehydrogenase (see ref. 19). 

Absorbance at 340 my was measured in each case against a control cuvette containing buffer, 
placental dehydrogenase, and DPN. With each generating system an additional control was 
included which contained all the ingredients of the complete system except TPN. The measure- 
ments are corrected for low rates of DPN reduction by the generating enzymes. The amount of 
each TPNH-generating enzyme required for maximum rates of transhydrogenation was determined 
by separate experiment. Temp. 25°. 
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It is unnecessary to generate TPNH from TPN, since TPNH added as such will, 
under suitable conditions, act as a hydrogen donor. The course of this reaction 
could be followed optically by the addition of acetaldehyde and crystalline yeast- 
alcohol dehydrogenase, which reoxidized any DPNH formed by the hydrogen 
transfer, as follows:” 

TPNH + DPN+= DPNH + TPN*+ 
H+ + DPNH + CH;CHO = CH;CH.OH + DPN* 
Net: H+ + TPNH + CH,;CHO = CH;CH,OH + TPN+ 


Figure 4 shows an experiment of this reaction, in which appropriate controls to 
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Fig. 4.—Transhydrogenation from added 
TPNH to DPN. The reactions were carried 
out in systems of 3.0 ml. final volume con- 
taining 300 ymoles Tris buffer, pH 7.4; 
0.13 wmole TPNH; 4 ug. estradiol-178 in 
0.01 ml. dioxane; 2 umoles acetaldehyde; 
: and 110 units placental dehydrogenase 
yet (specific activity 267 units per mg. protein). 
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Two reaction vessels were employed, of 
which one received, in addition, 1.4 umoles 
DPN. At time 5 minutes, 0.5 ug. crystalline 
yeast alcohol dehydrogenase (ADH) was 
added to both vessels. Readings of ab- 
sorbance at 340 my were taken against a 
blank cuvette from which nucleotides and 
steroid were omitted. The decrease in ab- 
i L sorbance with time is recorded. Temp. 25° 
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correct for any oxidation of TPNH in the absence of steroid and hydroxysteroid 
dehydrogenase were included. 

Hydrogen Transfer from DPNH to TPN (Eq. [1]).—Free reversibility of trans- 
hydrogenation between TPN and DPN is to be anticipated on purely thermo- 
dynamic grounds. It was found that the demonstration of the reverse reaction 
depended critically upon the experimental conditions. Thus, if a small and constant 
level DPNH was maintained in the reaction mixture by the addition of DPN and 
yeast-aleohol dehydrogenase, only negligible transfer of hydrogen to TPN was 
observed. In order to demonstrate a steroid-sensitive transhydrogenation from 
DPNH to TPN, a relatively high ratio of DPN(H) to TPN(H) must be maintained 
throughout the course of the reaction. This was achieved by adding a relatively 
large amount of DPNH, a much smaller quantity of TPN, and oxidized glutathione 
(GSSG) and glutathione reductase to oxidize any TPNH formed by transhydro- 
genation :*! 

DPNH + TPN+t = DPN+ + TPNH 

H+ + TPNH + GSSG — 2 GSH + TPN*+ 

H+ + DPNH + GSSG — 2 GSH + DPN+t 
Figure 5 shows an experiment of this type in which the decrease in absorbance at 
340 mu due to the oxidation of 0.25 pzmole DPNH occurred in the presence of 0.005 
umole TPN, GSSG, glutathione reductase,”’ estradiol-178, and the placental 
hydroxysteroid dehydrogenase. The oxidation of DPNH depended upon the 
presence of both the placental dehydrogenase and TPN. In other experiments it 
was found that in similar systems 0.002 umole TPN was only slightly less effective 
than 0.005 umole, whereas 0.02 umole TPN was definitely inhibitory, and 0.05 pmole 
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Fic. 5.—Transhydrogenation 
from added DPNH to TPN. The 
complete reaction system contained 
in a final volume of 3.0 ml.: 300 
umoles Tris buffer, pH 7.4; 0.24 © 
umole DPNH; 0.005 umole TPN; b, 
4 yg. estradiol-178 in 0.01 ml. Ko 


dioxane; 10 umoles oxidized gluta- a 
thione; 154 units estradiol dehy- 

drogenase (specific activity 205 
units per mg. protein); and an 
excess of purified yeast glutathione 
reductase (see ref. 22). Readings 
of the decrease in absorbance 
at 340 mu were taken with time 
against a control cuvette containing 
all ingredients except nucleotides 
and steroid. Ina separate cuvette, 
the addition of TPN was delayed 
for 30 minutes. Temp. 25°. 
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TPN prevented the hydrogen transfer completely. This emphasizes the extreme 
sensitivity of the rate and extent of transhydrogenation to the levels of TPN(H) 
in the reaction mixture. The slow rate of reaction in the absence of added TPN 
can be ascribed to very small amounts of bound TPN in the hydroxysteroid de- 
hydrogenase preparation, since the glutathione reductase, at the levels added to 
the test system, failed to catalyze any oxidation of DPNH by GSSG. It may be 
mentioned that the purified hydroxysteroid dehydrogenase possessed marked 
TPNH-glutathione reductase activity. This was an unexpected finding, since the 
preparations were devoid of other TPN-linked enzymes such as isocitric and glucose- 
6-phosphate dehydrogenases. 

Hydrogen Transfer from TPNH to Analogs of DPN (Eq. [2] and [3]).—In assay 
systems in which TPNH was generated continuously from TPN, hydrogen transfer 
could be demonstrated not only to DPN, but also to certain of its analogs, such as 
APDPN and pyridinealdehyde-DPN. The relative rates of reduction of these 
nucleotides by stoichiometric amounts of estradiol-178 (dehydrogenase activity) and 
by continuously generated TPNH in the presence of catalytic amounts of this 
steroid (transhydrogenase activity) were found to be about the same, as shown in 
Table 2. Thus, in both systems pyridinealdehyde-DPN reacted more rapidly 
than APDPN and more slowly than DPN. 

Hydrogen Transfer from DPNH to APDPN (Eq. [{4]).—This reaction served as 
an assay for transhydrogenase activity during purification of the enzyme (Fig. 1) 
and will be discussed in detail below. 


BINDING AND INTERACTION OF NUCLEOTIDES IN THE 
DEHYDROGENASE REACTION 


The transhydrogenations for which estradiol-178 acted as a coenzyme were 
influenced greatly by the concentrations of hydrogen donor and acceptor pyridine 
nucleotides in the test systems. The nucleotides appear to compete for the same 
binding site(s) on the enzyme surface, which are presumably occupied alternately 
by donor and acceptor nucleotides. Since large differences exist in the Michaelis 
constants of the nucleotides, it can be readily appreciated that the relative con- 
centrations of the nucleotides are critical in determining the rate of transhydro- 
genation. Clearer insight into these factors was obtained from studies of the 
Michaelis constants of pyridine nucleotides in the dehydrogenase reaction. 

Binding of Nucleotides in the Dehydrogenase Reaction.—Determinations of the 
rate of oxidation of estradiol-178 in Tris buffer of pH 7.4 were performed with 
varying concentrations of DPN, TPN, and APDPN (Fig. 6). The majority of 
measurements were made in a final volume of 3.0 ml. in cuvettes of l-cm. light 
path. In the case of TPN, no decline in velocity was observed with the lowest 
concentrations of nucleotide at which measurements could be made (2 K 10> ¥), 
and additional determinations were performed in a total volume of 4.7 ml. in 
cells of 10-cm. light path. This permitted measurements to be made with con- 
centrations of TPN as low as 2 X 10~-* M, but the Michaelis constant for this 
nucleotide was so low that even under these conditions it could not be determined 
accurately. In the reverse reaction the rates of oxidation of DPNH and TPNH 
were studied as a function of their concentrations with estrone as substrate (Fig. 6). 
Again, the Michaelis constant for TPNH was so low that experimental limitations 
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Fic. 6.—Effect of pyridine nucleotide concentration on velocity of the estradiol-178 dehydro- 
genase reaction. Experimental conditions are given in the text. 





precluded an accurate determination. The approximate values for the maximal 
rates of reaction and the Michaelis constants for the various nucleotides are given 
in Table 3. It is clear that the Michaelis constants for TPN(H) are very much 
lower than those for DPN(H). In the case of DPN, it can be stated with certainty 
that the reduced nucleotide saturates the enzyme at lower concentrations than the 
oxidized form (Fig. 6 and Table 3). Moreover, the maximum velocities of the 
forward and reverse reactions observed under these conditions with various nucleo- 
tides differed by less than a factor of 2. The latter must be of profound importance 
for catalysis of transhydrogenations by the enzyme. 


TABLE 3 
MIcHAELIS ConsTaNts (Kw) or Various NUCLEOTIDES AND MaximuM VELOCITIES (Va) IN 
EstRaApIoL-178 DEHYDROGENASE ASSAY 
Pyridine Ka 
Nucleotide (M) Vu 
APDPN.. 5 xX 10-4 50 
DPN.... 8 X 1075 100 
DPNH.... 3 xX 10° 90 
TPN . <10-* 60 
TPNH. <10 55 


Interaction of Nucleotides in the Dehydrogenase Reaction.—The influence of very 
low levels of TPN on the oxidation of estradiol-178 by other nucleotides is shown 
in Figure 7. As little as 3.3 & 10-7 M TPN depressed the rate of reduction of DPN 
to about half that of the control value. When TPN was added to give a final con- 
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Fic. 7.—Interaction of pyridine nucleotides in the dehydrogenase reaction. The experi- 
mental systems contained, in a final volume of 3.0 ml.: 300 uwmoles Tris buffer, pH 7.4; 
80 ug. estradiol-178 in 0.04 ml. dioxane; 25 mg. crystalline bovine plasma albumin; 75 units 
placental dehydrogenase (specific activity 396 units per mg. protein); and 0.7 umole 
APDPN (graph A) or 0.5 umoles TPN (graph B) or 0.75 umole APDPN (graph C). The 
effect of the addition of varying amounts of TPN on the rate of reduction of DPN and 
APDPN is shown in graphs A and C, respectively. Graph B illustrates the lack of in- 
fluence of 0.014 wmole DPN on the rate of reduction of TPN. 

All components were mixed and the reaction initiated by the addition of the enzyme 
in 0.02 ml. The absorbance was measured at 340 mu(graphs A and B)and at 365 my (graph 
C) at intervals against a blank cuvette containing all ingredients except the steroid. Temp 
25°. 
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centration of 3.3 & 10~* M, the oxidation of estradiol-178 by DPN was practically 
abolished (Fig. 7, A). The total change in absorbance due to the reduction of 
even the largest amount of TPN used was negligible compared with that resulting 
from the reduction of DPN in the course of this experiment. Since, however, the 
small amounts of TPN added in these inhibition experiments are, at least in part, 
reduced by the steroid, the TPNH thus formed may yet be a more powerful in- 
hibitor than TPN. This could account for the progressive nature of the inhibition 
by TPN of the reduction of DPN (Fig. 7, A). 

The oxidation of estradiol-178 by APDPN was also suppressed almost to comple- 
tion by 3.3 X 10-* MW TPN (Fig. 7, C). In contrast, when the dehydrogenase 
assay was carried out with TPN as the hydrogen acceptor, the rate of reaction was 
uninfluenced by the further addition of 3.3 K 10-* M DPN (Fig. 7, B). These 
results are entirely consistent with the relative magnitudes of the Michaelis con- 
stants for the three nucleotides and their competition for the same binding site(s) 
on the enzyme surface. They indicate again that the affinity for TPN > DPN > 
APDPN. 


INTERACTION OF NUCLEOTIDES IN THE TRANSHYDROGENASE REACTIONS 


Transfer of Hydrogen from TPNH to DPN.—The immense affinity of the enzyme 
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for TPN is of critical importance in determining the rate and direction of the steroid- 
mediated transfer of hydrogen from one pyridine nucleotide to another. It can 
be stated categorically that no hydrogen transfer between DPN and TPN has 
been demonstrable unless the ratio of ({/ DPN] + [DPNH])/({TPN] + [TPNH}]) 
in the test system was relatively large. For instance, DPNH can act as a hydrogen 
donor to TPN only when the concentration of the latter nucleotide is kept relatively 
low (cf. Fig. 5). For similar reasons, in a 3-ml. system, negligible transfer of 
hydrogen from enzymatically generated DPNH (0.14 umole) to TPN (0.5 umole) 
was observed in the presence of estradiol-178 and the placental dehydrogenase. 

The influence of the relative concentrations of TPNH and DPN on the rate 
of transhydrogenation has been examined in some detail (Fig. 8). TPNH was 
generated in situ from TPN by the action of glucose-6-phosphate dehydrogenase. 
The TPN concentration was varied from 1.7 to 333 XX 10-7 M, and the rate of 





Fig. 8.—Interdependent in- = - 
fluence of TPNH and DPN ISx1O™" M DO 
concentrations on the rate of 
transhydrogenation. Meas- 
urements of the rate of hydro- 5xI04M DPN 
gen transfer from generated 
TPNH to DPN were made 
for a series of TPNH con- 
centrations (varying from 
17 X 107° to 3.33. xX 10° 
M ) at each of three DPN con- 
centrations (1 K 1074, 5 x 
10-4, and 15 X 10-4 M). 
The velocity is expressed as 
the change in absorbance at 
340 my per hour. The reac- 
tion systems contained, in 
a final volume of 3.0 ml.: re) n os 4 —— 
300 umoles Tris buffer pH 1077 107° 23 «5 woe 23 5 
7.4; 10 ywmoles glucose-6- [TPN] M 

phosphate; 4 ug. estradiol- , 

178 in 0.01 ml. dioxane; an excess of purified yeast glucose-6-phosphate dehydrogenase; indicated 
amounts of DPN and TPN; and 62 units placental estradiol dehydrogenase (specific activity 205 
units per mg. protein). Readings were taken against control cuvettes containing no added nu- 
cleotides. For each DPN concentration, an additional blank containing no TPN was included 
and the rates corrected for a slow reduction of DPN in the absence of TPN. These corrections 
were of the order of 0-0.01 per hour at different DPN concentrations. Temp. 25°. 
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reduction of DPN was measured at three concentrations of the latter nucleotide 
(1 X 10-4, 5 X 10-4, and 15 X 10- M). ‘Thus the initial ratio of DPN to TPNH 
varied from a maximum of 8400 to a minimum of 3. For each concentration of 
DPN, an optimum TPN concentration exists, and the optimum ratio of concentra- 
tions of DPN to TPNH lies in the region of 50-200. The reaction velocity declines 
when this ratio lies outside these limits. It may be argued that the activity of 
the TPNH-generating system might have determined the rate of transhydrogena- 
tion at different TPNH concentrations in this experiment. However, the rate of 
transhydrogenation was not changed appreciably when the amount of glucose-6- 
phosphate dehydrogenase was increased several fold. 

Transfer of Hydrogen from DPNH to APDPN.—When the placental hydroxy- 
steroid dehydrogenase is isolated in the presence of estradiol-178 as described above, 
the purified preparations contain unknown quantities of bound steroid which 
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Fig. 9.—Rates of estradiol-178-dependent 
and “non-specific”? transhydrogenations as a 
function of enzyme concentration. Reduc- 
tion of APDPN by DPNH was measured at 
400 my under conditions described in the 
text. The upper graph represents the ve- 
locities observed in the presence of 4 ug. 
estradiol-178 and is a combined measure of 
the estradiol-178-sensitive and ‘‘non-specific’’ 
transhydrogenases. The lower graph repre- 
sents the velocities of the reaction inhibited 

_ 1902 MT by 0.02 umole TPN and measures the steroid- 
5 icsalell independent transhydrogenase. The enzyme 
_—" eA . containing 1,310 units dehydrogenase per ml. 
005 1 O15 o2 «and had a specific activity of 166 units per 

ML. OF ENZYME mg. protein. Temp. 25°. 
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partially activate this transhydrogenation. The addition of increasing amounts 
of estradiol-178 raised the rate of hydrogen transfer from DPNH to APDPN 
(measured spectrophotometrically at 400 my) to a maximum, beyond which the 
further addition of the estrogen was without effect (Table 4). About 1 ug/ml of 


TABLE 4 


ACTIVATION OF TRANSHYDROGENATION BETWEEN DPNH anp APDPN By Esrrapio.L-178* 
Amount of Estradiol Added Rate of Reduction of APDPN, 
(ug/3 ml) (A Absorbance, 400 my per hour) 

0.276 

0.5 0.492 

2 0.588 

4 0.588 

8 0.600 

* The measurements were carried out in a system identical with 

that described for the assay of transhydrogenase activity. The 


enzyme was purified in the presence of estradiol-178 and had a 
re dehydrogenase activity of 396 units/mg protein. Temp. 


estradiol-178 was sufficient for maximal activation. This is in marked contrast to 
the transhydrogenation from generated TPNH to DPN, which is fully activated 
by much lower (0.1 —-0.2 ug/ml) concentrations of estradiol-178. Thus preparations 
of the enzyme made in the presence of estradiol-178 showed no requirement for 
added steroid in the latter system. Small amounts of TPN or TPNH exerted a 
profound inhibitory effect on the reduction of APDPN by DPNH in the presence 
of estradiol-178 (Fig. 7, C, and Table 5). For example, as little as 3.3 « 10-7 M 


TABLE 5 
Errect or TPN anp TPNH on Rate or HypDROGEN TRANSFER BETWEEN DPNH anp APDPN* 


TPN TPNH 
Concentration Relative Concentration Relative 
(X 10-* M) Rates (X 10-6 M) Rates 
0 100 0 100 
0.33 61. 0.6 42. 
1.67 35.¢ 3 34. 
3.33 32. 6 36.5 
16.7 27. 30 35. 
66.7 26. 120 35. 
* Reactions were carried out in 3.0-ml. systems containing: 300 wmoles Tris buffer, pH 7.4; 
3.0 umoles APDPN;; indicated amounts of TPN or TPNH; 0.5 umole DPNH; 4 ug. estradiol- 178 


in 0.01 ml. dioxane; and 75 units estradiol dehydrogenase (specific activity 396 units/mg protein). 
Absorbance was measured against a blank cuvette containing no nucleotides at 400 mu. Temp. 
25 
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TPN and TPNH inhibited 59 and 87 per cent, respectively. Concentrations of 
TPN and TPNH from 10~* to 10-* M suppressed the hydrogen transfer to a 
constant minimum, which in this enzyme preparation amounted to about one-third 
the total activity. This residual activity is not mediated by steroids. The rate 
of hydrogen transfer from DPNH to APDPN in the absence of added estradiol-178 
was also depressed by TPN or TPNH to a level identical with that observed in 
the TPN-inhibited reaction found in the presence of the hormone. 

These relations between rate of transhydrogenation and the estradiol-178 and 
TPN concentrations are illustrated in Figure 10, in which the rate of transhydro- 
genation is plotted as a function of estradiol-178 concentration. In the upper 
graphs the rate of hydrogen transfer is maximal with | yg. estradiol-178 or more. 
The rate is markedly depressed by 1 mumole TPN and inhibited to about 25 per 
cent of maximum by 5 mymoles TPN. The simplest explanation for these ob- 
servations lies in assuming that only the steroid-sensitive transhydrogenation is 
inhibited by TPN and that the small inhibition by TPN observed in the absence of 
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Fig. 10.—Stimulation of trans- 
hydrogenation from DPNH to 
APDPN by increasing con- 
centrations of estradiol-178 and 
the inhibitory effect of TPN. 
Reaction system contains, in a 
final volume of 3 ml.: 300 uwmoles 
Tris buffer, pH 7.4; 3 umoles 
APDPN; 0.5 umole DPNH; 
0-8 ug. estradiol-178 dissolved 
in 0.04 ml. dioxane; varying 
amounts of TPN as indicated; 
and 32 units placental dehydro- 
genase of specific activity 173 
units per mg. protein. Measure- 
ments were taken at 400 mu 
against a blank containing no 
pyridine nucleotides. Temp. P r ‘ ror 
25°. 4 6 
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added estradiol-178 represents a component of the transhydrogenation due to 
endogenous estradiol-178. The uninhibited transhydrogenation is then that 
catalyzed by contaminating enzymes probably of a flavoprotein nature.'* Figure 
10 also shows that the maximum degree of inhibition produced by TPN is inde- 
pendent of the amount of estradiol-178 added. These considerations lend weight 
to the view that a true measure of the estradiol-sensitive transhydrogenase may be 
obtained by the difference between the total rate in the presence of extradiol-178 
and that obtained in the presence of inhibitory concentrations of TPN. 


HYDROGEN ION CONCENTRATION AND EQUILIBRIUM CONSTANTS 

The activity of the placental estradiol-178 dehydrogenase as a function of 
hydrogen ion concentration has been examined by Langer,’ who finds little variation 
in velocity over the range of about pH 6-9. This behavior with pH of a pyridine 
nucleotide-linked dehydrogenase is unusual, and in the case of certain bacterial 
hydroxysteroid dehydrogenases the velocities of forward and reverse reactions are 
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extremely pH-dependent.”* In limited experiments with the purified placental 
enzyme we have confirmed the results of Langer.’ For instance, the rate of oxida- 
tion of estradiol-178 by the placental enzyme with TPN is almost identical in Tris 
buffer pH 7.4 and pyrophosphate buffer pH 9.0. 

The rates of transhydrogenation of DPN were measured from TPNH generated 
by purified yeast glucose-6-phosphate dehydrogenase and were found to be practi- 
-ally identical in the following buffers, varying in final pH from 7.1 to 7.4 :0.03 and 
0.1 M Tris, 0.03 M phosphate, 0.03 and 0.1 M glycylglycine. The rate of hydrogen 
transfer was, however, very sensitive to pH and had a sharp maximum at pH 6.8 
(Fig. 11). It has been previously pointed out* that this pH optimum probably 
represents the over-all operation of a number of complex factors in addition to the 
ionization of the catalytic protein. The equilibrium constant for the interconver- 
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Fig. 11.—Effect of pH on rate of transhydrogenation. The reaction systems contained, 
in 3 ml. volume: 100 wmoles Sorensen’s phosphate buffer of indicated final pH; 0.02 umole 
TPN; 1.4 wmoles DPN; 10 umoles glucose-6-phosphate; an excess of purified yeast glucose-6- 
phosphate dehydrogenase; 4 yg. estradiol-178 in 0.01 ml. dioxane; and 46 units of estradiol 
dehydrogenase. Measurements of absorbance at 340 mp were made at intervals against a 
control cuvette containing no glucose-6-phosphate dehydrogenase and no TPN. At each pH, a 
separate control without TPN was also included and the rates corrected for the slow reduction 
of DPN by the glucose-6-phosphate dehydrogenase. The velocity is expressed as the change in 

absorbance per hour. Temp. 25°. 





sion of estrone and estradiol-178 has been determined enzymatically by Langer,’ 
who gives for 
{Estrone]{[DPNH](H*] 


Ky = Lp 
4 ~ [Estradiol-178][DPN +] 


the value 1.8 + 0.5 X 10-* M._ This is not greatly different from the equilibrium 
constant for the interconversion of testosterone and 4-androstene-3,17-dione 
(Ky = 3.8 X 107° M at 298° K.).** On the basis of the Ky given by Langer, 
the ratio of concentrations of estrone to estradiol-178 may be computed under the 
conditions of the experiment of Figure 11. Since the oxidation-reduction potential 
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of DPNH and TPNH are virtually the same,” the sum of the concentrations of 
the reduced nucleotides may be substituted for DPNH in the above equilibrium 
expression. Similarly, in place of [DPN*+], one may substitute [DPN*] + [TPN*], 
but in practice this is unnecessary, since [TPN*] is negligible under conditions of 
these experiments. Hence, during the first hour of the experiment, the ratio of 
concentrations of estrone to estradiol-178 varied from about | to 10 at pH 7.0. 


DIscUSSION 


Catalysis of dehydrogenation and transhydrogenation by the same enzyme.—The in- 
teraction between steroids and pyridine nucleotides catalyzed by the placental 
hydroxysteroid dehydrogenase can occur in two different ways, depending upon 
the experimental conditions. When relatively large amounts of steroid are added, 
a stoichiometric reaction between estradiol-178 and either DPN or TPN, or between 
estrone and the reduced forms of these nucleotides, can be demonstrated by optical - 
means. Under these conditions, the enzyme behaves as a typical, freely reversible, 
pyridine nucleotide—linked dehydrogenase. On the other hand, minute quantities 
of the hormone can also exercise a catalytic function in transhydrogenase reactions. 
In the latter case the steroid, by undergoing alternate oxidation and reduction, acts 
as an intermediary hydrogen carrier (coenzyme) for the transfer of hydrogen from 
one pyridine nucleotide to another. 

The environmental conditions require for maximal dehydrogenase and trans- 
hydrogenase activities are not the same. Thus the net reduction of pyridine nucleo- 
tides by estradiol-178 shows a rather broad pH optimum,’ whereas the hormone- 
mediated hydrogen transfer from TPNH to DPN occurs only within a relatively 
narrow range of hydrogen ion concentrations. Moreover, the levels of pyridine 
nucleotides and steroids required for the two reaction sequences are quite different. 
Nevertheless, there is strong experimental evidence for the identity of the hydroxy- 
steroid dehydrogenase with the protein which catalyzes transhydrogenation. This 
evidence, part of which has been presented elsewhere,*: > may be summarized as 
follows: (1) Provided that the two activities are assayed properly, no separation of 
the two functions occurs during fractionation procedures which result in purification 
of more than one hundred fold; (2) only those steroids which are substrates for the 
hydroxysteroid dehydrogenase can act as coenzymes for the transhydrogenase 
reactions;* (3) the specificity toward natural pyridine nucleotides, and analogs 
thereof, is the same for both types of reaction; (4) as shown previously,‘ it is 
impossible to differentiate the two activities by the use of inhibitors; (5) the rates of 
oxidation or reduction of pyridine nucleotides in the dehydrogenase assay are 
compatible with the rates of transhydrogenation between pyridine nucleotides in 
which hydrogen is transported by the steroid; (6) the affinity for TPN(H) is 
much greater than for DPN(H) in both reactions, and a similar competition between 
nucleotides is demonstrable in the two situations. 

Conditions for the Demonstration of Transhydrogenation.— Because of the great 
differences in binding constants between pyridine nucleotides, the ratio of the 


hydrogen donor and acceptor nucleotides cannot lie outside certain well-defined 


limits in the test system if transhydrogenation is to be demonstrated at all. Opti- 
mal values for this relationship will vary with the forms of pyridine nucleotide used 
as substrates and with the direction of hydrogen flow under study. Similar factors 
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have been found by Kaplan et al.*. ” to apply to the kinetics and reversibility of 
the reactions catalyzed by the soluble transhydrogenase of Pseudomonas fluorescens, 
which does not appear to employ a steroid as a coenzyme. 

Equilibrium constants for the interconversion of several hydroxy- and ketoster- 
oids, with pyridine nucleotides acting as hydrogen acceptors, have been shown to 
vary with the hydrogen ion concentration.** It would appear that equilibrium 
factors favor the catalysis of transhydrogenation by hydroxysteroid dehydrogenases 
and are responsible in part for the differences in the hydrogen ion concentrations 
at which maximal rates of transhydrogenation occur with the placental enzyme 
here described and the 3a-hydroxysteroid dehydrogenase of rat liver.? Further- 
more, the velocities with DPN(H) and TPN(H) in forward and reverse reactions 
are of the same magnitude, thus also favoring reversibility. The immense affinity of 
hydroxysteroid dehydrogenases for steroids* * **:*4 is probably also concerned with 
the ability of this class of enzymes to promote hydrogen transfer between pyri- 
dine nucleotides. 

It cannot be overemphasized that, in any attempt to study steroid-mediated 
hydrogen transfers, strict attention must be paid to the relative concentrations of 
pyridine nucleotides and steroids in the reaction mixture, the pH thereof, and the 
possible presence of enzyme-bound reactants. It is obvious that, for a given 
hydroxysteroid dehydrogenase, the amounts of steroids and pyridine nucleotides 
required for maximal rates of transhydrogenation will vary with the purity of the 
enzyme preparation. Such considerations have been examined extensively in 
relation to the 3a-hydroxysteroid dehydrogenase of rat liver.’? Side reactions 
which transform pyridine nucleotides by other enzymatic pathways will also 
interfere with the measurement of steroid-mediated transhydrogenation, especially 
in crude tissue extracts. Important examples of the latter are hydrolvtic enzymes, 
which rupture various bonds in pyridine nucleotides, or phosphokinases, which 
phosphorylate the 2’-position of the ribose attached to the adenine moiety of 
DPN(H).?* ® Reactions of this type were quantitatively unimportant in the 
present experiments, even when the most crude placental extracts were used. 
However, destruction of pyridine nucleotides and the dephosphorylation of TPN(H) 
to DPN(H) are exceptionally rapid in hormone-sensitive tissues such as the pros- 
tate gland and seminal vesicle*! and interfere with spectrophotometric demonstra- 
tions of steroid-mediated hydrogen transfers in these tissues. 

Transhydrogenation as a Possible Basis for Hormonal Action.—Following the 
discovery that certain naturally occurring steroid hormones serve as coenzymes for 
transhydrogenation, it was postulated‘ that this function constituted, at least in 
part, the chemical basis for the manifold morphological and functional changes 
which these hormones induce in various types of cells. Both the specificity and 
the overlap in action of the steroid hormones secreted by the gonads, the adrenal 
cortex, and the placenta, considered from the standpoint of both their chemical 
constitution and the tissues which they influence, could be understood if the follow- 
ing facts are taken into account. There exists a class of mammalian hydroxy- 
steroid dehydrogenases which differ in respect to (a) their specificity and affinity 
for steroids, (b) the tissues in which they occur, and (c) their intracellular localiza- 
tion (the majority appear to be either soluble or microsome-bound). A common 
property of these proteins is that they react with DPN and TPN at comparable 
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rates.4:® The original prediction that enzymes of this class, other than the placental 
enzyme described here, should act as transhydrogenases has been borne out fully 
in experiments with the soluble 3a-hydroxysteroid dehydrogenase of rat liver.” 

Assume that a steroid-mediated transhydrogenation is responsible for the effect 
of a steroid hormone in a given physiological situation. Then differential responses 
of various tissues to different steroids could depend upon variations in the content 
of hydroxysteroid dehydrogenases among them. The extent to which the growth 
and function of a tissue are limited by steroid-dependent transhydrogenations at 
one or more intracellular locations would also relate to such tissue specificity. The 
classical “target organs” of gonadal steroids (such as the uterus and mammary 
gland, the prostate gland and the seminal vesicle) would be examples of tissues 
which are most sensitive in these respects. Minor structural alterations in the 
steroid molecule can alter not only the magnitude of their biological activity but 
also the quanitative nature of the response they elicit. The determinant of this 
specificity could reside in the affinity of various hydroxysteroid dehydrogenases for 
different steroids. This would also explain the inhibition of the activity of one 
steroid hormone by another': ? if the inhibitory steroid displaced the active one 
from the surface of the dehydrogenase. Synergism between two different types of 
hormone and the “permissive” action of steroids in some types of biological response®” 
might have their origin in transhydrogenations occurring in different parts of the 
cell, one of which would have to be operative before the other could promote altera- 
tions in structure or function. An example of the latter situation would be the 
action of estrogens and of gestagens on the uterus or the mammary gland. 

The loss of hormonal dependence (Huggins**) which sometimes occurs during 
the life-history of certain neoplasms could be visualized in similar terms. A 
hormone-dependent tumor would be one whose growth is limited by steroid- 
mediated transhydrogenations. A certain proportion of the cells, however, might 
possess alternate, steroid-independent, enzymatic mechanisms which would bypass 
the rate-limiting function of the hydroxysteroid dehydrogenases. By a process 
of selection, these cells might survive preferentially, resulting in a hormone-in- 
dependent tumor. 

In addition to the interconversion of hydroxyl and ketone groups attached to 
the steroid skeleton, there are a number of other types of metabolic changes which 
are undergone by steroid hormones, e.g., hydrogenation of ring A, bydroxylations, 
conjugation with sulfate or glucuronic acid, scission of side chains, etc.6 However, 
it would appear less likely that the latter types of reaction are related to the mode 
of action of steroid hormones. Experiments with eviscerate animals* and also with 
cells grown in culture® have shown that the conversion of hydroxy- to ketosteroids 
tukes place in a wide variety of tissues, whereas other metabolic pathways are con- 
fined to the liver, kidney, adrenal, gonads, and placenta. Furthermore, the oxida- 
tion of hydroxysteroids with pyridine nucleotides as hydrogen acceptors is the only 
one of these metabolic reactions which is freely reversible at physiological pH. 

Regulatory Role of Transhydrogenations.—In the biological oxidation of many 
metabolic intermediates bearing alcohol or aldehyde functions, hydrogen is transfer- 
red to the active group (nicotinamide) of either DPN or TPN. In most instances,the 
particular dehydrogenases react with one form of pyridine nucleotide either ex- 
clusively or at much greater rates than with the other. Krebs,** Krebs and Korn- 
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berg,” Kaplan et al.,*8 Horecker and Hiatt,*® and we‘ have argued that this speci- 
ficity for one of the two forms of pyridine nucleotide with the same group (oxidation- 
reduction) potential, permits regulation of interactions between the enzyme sys- 
tems in which they participate. This regulation appears to be important in two 
main types of metabolic process: (a) energy capture from oxidations of reduced pyr- 
idine nucleotides and (b) participation of pyridine nucleotides in biosynthetic re- 
actions. The first of these reactions concerns the oxidation of DPNH by mitochon- 
dria which is coupled to phosphorylation, whereas the oxidation of TPNH is not, 
unless hydrogen is first transferred to DPN.* *® The pyridine nucleotide transhy- 
drogenases of mammalian mitochondria” appear to have properties quite distinct 
from the steroid-requiring transhydrogenases. These mitochondrial enzymes can 
permit TPNH, formed by the action of TPN-specific dehydrogenases, to be a sub- 
strate for oxidative phosphorylation. However, since the majority of the TPN-re- 
ducing enzymes are present in the soluble portion of the cytoplasm and also because 
_the amounts of DPN(H) therein are much greater than those of TPN(H), the extra- 
mitochondrial, steroid-mediated transhydrogenations can control the hydrogen 
flow from TPNH to DPN and thereby permit TPNH to act as a substrate for oxida- 
tive phosphorylation. It is well established that DPNH formed outside the 
mitochondria can, under suitable conditions, diffuse onto the surface of these parti- 
cles and become oxidized, with the concomitant formation of adenosine triphosphate 
(ATP). These considerations point to the potentially important role of steroid- 
dependent transhydrogenases in regulating energy capture from the oxidation of 
TPNH formed in the cytoplasm. 

A second area in which steroid-mediated transhydrogenations may exert a con- 
trolling influence involves biosynthetic reactions. There is increasing awareness 
that the key reductions in many biosyntheses occur at the expense of TPNH *:*7-*9 
and that the enzymes catalyzing most of these reactions are located outside the mi- 
tochondria. In many of these pathways, a reduction of an intermediate by TPNH 
is followed by the oxidation of the product by a DPN-specific dehydrogenase. Such 
reaction sequences are involved, for example, in the synthesis of (a) ascorbic acid,*! 
(b) fructose by male accessory sexual tissues,*?: ** (¢) phosphopyruvate from 
pyruvate by the combined action of ‘‘malic’”” enzyme, malic dehydrogenase, and 
oxalacetic carboxylase,*: 7» ** and also (d) in the enzymatic isomerization of L-xy- 
lulose to p-xylulose,** which, like a, is an integral part of the “uronic acid path 
way.’’®? Transfer of hydrogen from TPNH to DPN results from the action of all 
these multienzyme systems. In the living cell the extent to which such over-all 
reactions operate from left to right will depend, inter alia, upon the factors which 
determine the ratio of oxidized to reduced forms of TPN and DPN in the cellular 
compartments in which they occur.“ Depending upon the latter conditions, ster- 
oid-mediated transhydrogenations could shift the equilibria of these biosynthetic se- 
quences in either direction. 

One would expect that, in model systems consisting of purified enzymes, a hy- 
droxysteroid dehydrogenase and a suitable steroid would allow this type of couple 
reaction, in which no net oxidation or reduction takes place, to proceed in the pres- 
ence of catalytic amounts of TPNH and DPN.._ This is illustrated by the follow- 
ing equations: 
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S + TPNH + H+ =SH, + TPNt 

SH. + DPN+ =S’ + DPNH + H+ 

DPNH + TPN*+ = DPN + TPNH 
S ee S’ 

where 8 would be p-glucuronate, glucose, pyruvate + CO, and L-xylulose; SH» 
would be t-gulonate, sorbitol, malate and xylitol; and S’ would be the hypotheti- 
cal intermediate 3-keto-L-gulonate, fructose, oxalacetate and p-xylulose in path- 
ways (a), (b), (c), and (d), respectively. 


It is also worthy of mention that in such systems, the net result of transhydrogen- 
ase action could be simulated by the action of enzymes which dephosphorylate TPN 
to DPN and which could rephosphorylate DPNH to TPNH at the expense of ATP 
as follows: 

S + TPNH + H+ = SH, + TPN+ 
TPN*+ — DPN? + inorganic phosphate 
SH. + DPN+ = S’ + DPNH + H+ 
DPNH + ATP — TPNH + ADP 
S + ATP — S’ + ADP + inorganic phosphate 


The steroid acting catalytically as a coenzyme for transhydrogenation can thus ac- 
complish a transformation which would otherwise require stoichiometric quantities 
of ATP. 


Much more experimental evidence is required to establish the truth or falsity of 


these speculations. In particular, there is great need for information concerring 
the quantitative significance of steroid-mediated hydrogen transfers in different 
types of cells. It is also possible that steroid hormones, by undergoing alternate 
oxidation and reduction, can function catalytically in the transfer of hydrogen be- 
tween molecules other than pyridine nucleotides. 


SUMMARY 

Purified estradiol-178-hydroxysteroid dehydrogenase has been isolated from hu- 
man placenta. In the presence of stoichiometric quantities of estradiol-178, this en- 
zyme reduces DPN, TPN, APDPN, pyridinealdehyde-DPN, but not desamino- 
DPN. However, in the presence of stoichiometric amounts of pyridine nucleotides 
and catalytic concentrations of steroid hormones, the same enzyme promotes a re- 
versible hydrogen transfer between the pyridine nucleotides. The hormone is al- 
ternately oxidized and reduced during this process and acts therefore in the manner 
of a hydrogen carrier or coenzyme. Evidence is presented for the identity of the 
protein catalyzing dehydrogenase and transhydrogenase functions. 

Detailed measurements have been made of the binding constants of the enzyme 
for the naturally occurring pyridine nucleotides and several synthetic analogs. 
These measurements have given insight into the delicately balanced conditions re- 
quired for the demonstration of steroid-mediated transhydrogenations. Many of 
the biochemical consequences of the action of steroid hormones may be related to 
their action as coenzymes of transhydrogenation. The implications of this hypoth- 
esis have been examined in some detail. 
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ISOLATION OF ADENOSINE AMINO ACID ESTERS FROM 
A RIBONUCLEASE DIGEST OF SOLUBLE, LIVER 
RIBONUCLEIC ACID* 


By Hans GrorG Zacuau,? GeorGE Acs, AND Fritz LipMANN 
RocKEFELLER INsTITUTE FOR Mepicat Researcu, NEw York, NEw York 
Communicated July 30, 1958 


After it had been found that, in the process of protein synthesis in systems of 
animal! as well as bacterial? origin, the activated amino acid was intermediately 
transferred to a relatively low-molecular-weight ribonucleic acid, much interest 
centered on the manner in which the amino acid might be attached to this ribo- 
nucleic acid carrier. Early observations! on the stability of the link to heating at 
100° in 10 per cent sodium chloride solution made it rather likely that the attach- 
ment was not in the form of a carboxyl phosphoanhydride, as has been shown to be 
the case in the initial activation step.* Recent observations in this laboratory‘ 
on the accumulation in the tryptophan-activating enzyme reaction of a 2’/3’ 
tryptophan ester of ATP, which will be reported on elsewhere in detail, focused 
attention on the possibility of an amino acid ester link to the ribonucleic acid. 

The likelihood of such an ester bond was further supported by a relatively low 
reactivity of the aminoacyl-RNA to hydroxylamine, which, as shown in Table 1, 
corresponded more to that of an amino acid ester than to an anhydride. The pH 
of 5.5, combined with low temperature, was found to be most suitable for giving a 
fine gradation between the reactivities. The reactivity of the amino acid AMP 
ester with hydroxylamine at this low pH is considerably greater than that of the 
leucine ethyl ester, which, under these conditions, is very stable, although at 
higher pH it reacts also, as pointed out recently by Raacke.® 

It has now been possible to clarify the linking of amino acids to RNA by deg- 
radation with ribonuclease. It appears that this enzyme liberates from RNA, 
charged enzymatically with radioactive amino acid, a small, basic fragment which 
carries practically all the radioactivity. Most experiments were done with C'- 
leucine, but with radioactive valine analogous results were obtained. A character- 
istic paper electrophoresis pattern of the digestion products is shown in Figure 1. 
Not shown in the figure is the bulk of the ultraviolet-absorbing material which 
migrates in a smear towards the anode and contains little or no radioactivity. Of 
special interest, however, are the two cathodically migrating compounds which both 
contain ultraviolet-absorbing material. The faster-moving compound, B, contains 
practically all the radioactivity; the slower-moving compound, A, is free of radio- 
activity and moves in a manner roughly comparable to adenosine. Ninety-two per 
cent of the radioactivity of the original aminoacyl-RNA was recovered in compound 
B. 

When tested on the paper with periodate according to H. T. Gordon et al.,® 
compound B was periodate-negative, while A was positive. The eluate of B 
showed an absorption maximum «tf 258 my in acid and at 260 my in alkali, indicat- 
ing adenosine. The eluate from A, according to the ultraviolet spectrum, contained 
adenosine and probably smaller amounts of other nucleosides. The absence of 
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periodate reaction in conjunction with the presence of amino acids in B indicated 
strongly that either the 2’- or the 3’-hydroxy] of the ribose was blocked. 

For direct, comparison with compound B, 2’/3’-leucyl adenosine was prepared by 
incubation of 2’/3’-leucy] AMP 7 with prostate phosphatase.s Compound B and 
the synthetic compound showed the same electrophoretic mobility. 

In another experiment compound B was eluted and kept for 1 hour in 0.2 M 
ammonia to liberate the amino acid and was subsequently hydrolyzed for 1 hour 
at 100° with N HCl, to liberate adenine. This hydrolyzate was subjected to 
electrophoresis under the conditions of Figure 1. It showed a single untraviolet- 
absorbing compound, electrophoretically identical with adenine and showing, on 
elution, the adenine absorption maxima of 263 muy in acid and 269 my in alkali. 
The radioactivity now was separated from the ultraviolet-absorbing material and 


Fig. 1.—Electrophoresis pat- 
tern of RNase digest of C?*- 
leucine-labeled soluble RNA. 
The 100,000 X g. supernatant 
of a 20 per cent homogenate 
(Waring Blendor, | min.) of 4 rat 
livers was used for phenol treat- 
ment (see Schuster, Schramm, 
and Zillig, Z. Naturforsch., 11b, 
339, 1956; and Kirby, Biochem. 
J., 64, 405, 1956). The extract, 
when dialyzed overnight and 
lvonhilized, vielded 120 mg. of 
RNA fraction. The whole frae- 
tion, dissolved in 4 ml., was used 
for incorporation of amino acid, 
mainly C'!leucine. The mix- 
ture contained 500 uM Tris buf- 
fer, pH 7.2, 50 uM MgCh, 100 
uM ATP, and 2.5 umoles C'- 
p,L-leucine, 5.6 wCl/umole, 1 ml. 
of pigeon pancreas supernate (1 
mg. protein) (Weiss, Acs, and 
Lipmann, these PROCEEDINGs, 
44, 189, 1958) and was incubated 
with the rat liver RNA ina total 
volume of 10 ml. for 10 minutes 
at 37°. The charged RNA was 
isolated as acid alcohol precip- 
itate, which, after washing with 
0.2 M perchloric acid and water 
and redissolving in 0.1 M am- 
monium acetate solution, was 
dialyzed overnight and lyophi- 
lized, and the residue was used 
for the digestion with RNase. 
The residue was dissolved in 0.25 
ml. water and incubated, after 
adding 100 ug. of RNase (Worth- 
ington) in 0.05 ml., for 10 min- 
utes at 25°, the pH of the solu- 
tion being about 6. 

Paper electrophoresis — was 
earried out according to Mark- 
ham and Smith (Biochem. J., 52, 
552, 1952), using a 0.05 M am- 
monium acetate buffer of pH 
3.2. 11 V/em were applied for 
16 hours. The electropherogram 
was placed on X-ray-sensitive 
film for 2 days. 
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moved less rapidly and corresponded to a leucine marker. A rough estimation in 
the respective eluates of adenine by ultraviolet absorption and ninhydrin-positive 
material yielded nearly equivalent amounts, the amino acid being somewhat 
higher. 

The following experiment further confirms the equivalence of ninhydrin-positive 
material and adenosine. To liberate the amino acid in this case, the compound was 
hydrolyzed briefly with 0.1 N sodium hydroxide, lyophilized, and kept in the 
desiccator over P.O; to remove ammonia contained in the buffer. The residue was 
dissolved, and the adenosine content determined to be 42 mumoles by ultraviolet 
absorption at 258 mu. In the same solution, amino acid was determined according 
to Moore and Stein,’ and 53 mumoles of amino acid were found, corresponding to 
a ratio of adenine to amino acid of 1 to 1.25. The excess of ninhydrin-positive over 
ultraviolet-absorbing material was probably due to the methods of determination 
against a paper blank and to a slight deamination of adenosine, which could not be 
excluded under the conditions used here. From the radioactivity of this material, 
however, only 4 mumoles of C'*-leucine were accounted for in this solution, cor- 
responding to 7.5 per cent of the total amino acids as determined by ninhydrin. It 
appears, therefore, that the soluble amino-acid charged, ribonucleic acid contained 
a large amount of other amino acids in addition to leucine-C'. It should be 
mentioned that, under the electrophoretic conditions used here, most amino acids 
were found to migrate in a cluster. 

For the further identification of adenosine, the eluate, after hydrolysis with 0.2 
M ammonia, was incubated with adenosine deaminase, following the procedure 


of Kornberg and Pricer” and using a crude, intestinal phosphatase (Pentex) as 
a source of deaminase. The eluate showed formation of inosine, as determined by 
a characteristic change in ultraviolet absorption at 240 and 260 my. This further 
confirms the compound to be adenosine and excludes adenylic acid, which did not 


react under these conditions. 

Experiments are being carried out with the isolated soluble ribonucleic acid 
directly, as obtained from fresh rat liver for ribonuclease digestion, and aminoacyl 
adenosine is isolated, in complete analogy in the experiments with RNA previously 
charged with radioactive amino acids. Hoagland! independently observed that 
freshly isolated RNA is fully charged with amino acids. 

In Figure 2 the action of ribonuclease on amino acid-charged RNA is depicted. 
This formulation takes into account the findings of Hecht and Zamecnik!* that 
the amino acid attachment requires an end-group configuration of two cytidylice 
acids followed by a terminal adenylic acid. The liberation by ribonuclease of a 
2’ /3’-aminoacyl-adenosine indicated strongly that the amino acids in aminoacyl- 
RNA are bound to a ribose hydroxyl of the terminal adenosine, which is in accord 
with and amplifies the earlier finding.'* Ribonuclease obviously is not prevented 
by amino acid esterification from its attack on a pyrimidine-purine phosphate 
bridge. It should be mentioned that amino acid-containing nucleotide fractions 
have been described by Koningsberger et al.'* These fractions may be related to 
the soluble RNA. However, they do not show the same characteristies, and their 
identity has to be further established. 

It appears, then, that the initial activated amino acid is transferred from the 
phosphoanhydride to the 2’- or 3’-hydroxy] of the terminal adenosine of RNA and 
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Fig. 2.—Formulation of the linking of amino acid to the terminal adeno- 
sine of the soluble RNA. 
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enters, in this form, the further steps in protein synthesis. The fact that this 
amino acid—charged soluble ribonucleic acid will react with pyrophosphate and 
adenylic acid to reform ATP, as has been shown previously by Schweet,'* Berg," 
and in our laboratory,'* indicates that the amino acid ribose ester link must be 
a rather energy-rich bond, on the energy level of the phosphoanhydride link in ATP. 


TABLE 1 


Reactivity or Amino Acip DERIVATIVES witH 1 M 
HypROXYLAMINE AT pH 5.5 anp 0° 
Per Cent 
Decomposition 
Compound* after | Hour 


Leucine ethyl ester 

2’/3'-Leucine ester of AMP 

C'+leucyl-RNA 

Leucyl-AMP anhydride 

* The leucine ester of AMP was prepared according to Wieland et ci., 
Advances in Enzymol., 19, 235, 1957 and the leucyl-AMP anhydride by 
a modification of the procedure of Berg (Federation Proc., 16, 152, 1957). 
With the synthetic compounds, hydroxamate formation was measured 
(Lipmann and Tuttle, J. Biol. Chem., 159, 21, 1945). With C'+-leucyl- 
RNA, the liberation of radioactivity was followed. 


We are grateful to Dr. Gerhard Schmidt for a gift of prostate phosphatase. 


* This investigation was supported in part by a research grant from the National Cancer 
Institute, National Institutes of Health, U.S. Public Health Service; and from the National 
Science Foundation. 

The following abbreviations have been used: RNA, ribonucleic acid; AMP, adenosine mono- 
phosphate; ATP, adenosine triphosphate; Tris, tris(hydroxymethyl)amino methane; RNase, 
ribonuclease. 

+ Present address: Max-Planck-Institut fiir Biochemie, Munich, Germany. 
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THE GENETIC STRUCTURE OF THE INCOMPATIBILITY 
FACTORS IN SCHIZOPHYLLIUM COMMUNE* 


By Joun R. Raper, Marcery G. BAXTER, AND 
RicHarp B. MIppLETON 


DEPARTMENT OF BIOLOGY, HARVARD UNIVERSITY 
Communicated by Paul C. Mangelsdorf, July 7, 1958 


The genetic nature of the incompatibility factors in the higher fungi has been 
the subject of considerable interest for many years. Multiple-allelic incompati- 
bility systems of two types, bifactorial ' * and unifactorial,* were described in 
1920-1924 and have since been found to be common in all groups of the Basidio- 
mycetes except the rusts and possibly the smuts. The number of alternate factors 
at the incompatibility loci varies from ten or so in the Gasteromycetes * * to a 
hundred or more in the Hymenomycetes. * 7 The occurrence among the. progeny 
of a single fruit of occasional non-parental factors, interfertile with both parental 
factors, was originally interpreted as mutation at the incompatibility loci.* 

Schizophyllum commune typifies the bifactorial incompatibility system. Al- 
ternate incompatibility factors of two series, A and B, assort independently at 
meiosis to yield progeny of four distinct, self-sterile, mating types. 

A'A?B'B? — A'B', A'B?, A?B', A?B?. 
Sexual interaction between mycelia belonging to different mating types to yield 
dikaryotic mycelia is restricted to those conbinations that are heterozygous for 
both A and B factors. This pattern of interaction is termed tetrapolar sexuality 
or tetrapolarity. 

The single-locus nature of the incompatibility factors and the mutative origin of 
non-parental factors were generally accepted until 1950, when Papazian * ™ found 
evidence, via tetrad analysis, that the A factor of S. commune comprised two or more 
loci, between which crossing over produced non-parental A factors. The six pre- 
sumed recombinant classes reported by Papazian® were interpreted by Raper ™ 
as reflecting an A factor of at least four loci. 
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A minimum of six classes of non-parental A factors was also reported by Vakili,'? 
who analyzed a large random sample of progeny from crosses involving the same 
strains of S. commune as those previously used by Papazian. 

The present study was initiated in 1955 as a part of the broad examination of 
sexuality in S. commune. The main objective of the study was the clarification 
of the genetic structure of the incompatibility factors; from the results of this 
study, a specific model of A- and B- factor structure is presented in the present ac- 


count. 


MATERIALS AND EXPERIMENTAL PROCEDURES 


The materials were selected from a large, world-wide sample of S. commune 
that has served as materials for other studies in this laboratory.” '* ‘© All homo- 
karyotic strains were grown from single spores isolated from fruit bodies collected 
in nature or produced on dikaryotic mycelia established from paired homokaryons 
in the laboratory. 

Culturing of mycelia, test-mating for the determination of incompatibility 
factors, and the fruiting of dikaryotic mycelia have been routinely done upon 
25-30 ml. of agar-solidified medium in standard Petri dishes. A complete medium 
consisting of 20 gm. glucose, 2 gm. peptone, 0.46 gm.KH,PO,, 1.0 gm.K,HPO,, 
0.5 gm.MgSO,, and 20 gm.Bacto-Agar per liter of distilled water has been used 
throughout the work. Thiamine-HCl in a concentration of 120ug /liter was usually 
added to the medium used for fruiting. 

Only random samples of progeny have been analyzed in this study. 

Spores were collected from fruiting bodies held at temperatures of 23° or 33° C. 
for a minimum of 16 hours prior to collection. The spores were thinly streaked 
upon semisolid medium, incubated at 23° C. for 18-24 hours to initiate germination, 
and isolated upon tiny blocks of medium with a chisel-edged needle. Mycelia 
grown from spores attain visible size in 3-+ days and may be screened for non- 
parental factors 6-7 days after isolation. 

‘Screening for non-parental factors consists simply of mating each member of the 
sample of progeny with two tester strains chosen to discriminate between the two 
parental factors and any non-parental factors of a single series, either A or B. In 
screening a sample for non-parental A factors, the following is typical: 


A'B! X A*B? 





A'B!  A'1B?—s A*B1s A2B2 CAB AB? 
A'B3 F F + + + + 
A2B3 + + F F + + 


Here A (without a superscript) denotes any non-parental A factor; +, the com- 
patible reaction yielding a dikaryon (unlike A factors); and F, an incompatible 
reaction yielding the common-A heterokaryon, ‘‘flat.”” '* © In S. commune the 
dikaryon and the common-A heterokaryon are remarkably distinctive, and both 
are also easily distinguished from the homokaryon. Whenever it has been pos- 
sible to do so, testing procedures have been designed to take full advantage of these 
differences. The different classes of non-parental A factors must then be determined 
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by cross-mating. This second stage in the identification of non-parental A factors 
‘cannot be made in disregard of the accompanying B factors, since the A and B 
factors assort independently'® and non-parental classes of A factors are randomly 
associated with the two B factors. The final differentiation between classes of 
non-parental A factors has been made in two ways. 

(a) Each strain carrying a non-parental A factor was out-crossed to a strain 
having no A or B factor in common with the sample, and the non-parental A factor 
recovered from the progeny in association with the external B factor. The non- 
parental A factors were then cross-mated in all possible combinations, and the 
different classes of non-parental factors, here identified as A’ and A’’, were re- 
vealed by different patterns of interaction. For the non-parental factors of the 
above cross, we have the following: 


| | | | 
A'B! A'B? A”B} A" B? 
A'B3 F Fr + + 
AB n + P F 


ete. 


This procedure, laborious in any case, is practical only for small samples. The 
classification of large samples and the initial screening of small samples have ac- 
cordingly employed a more direct procedure. 

(b) Strains carrying non-parental A factors were test-mated with appropriate 
strains to determine the B factor in each strain. All strains having one B factor 
were then crossed with those having the alternate B factor as follows: 


l l 

A’B} A"B!) 
A'B? F Zo 
A" B? + F 


ete. 


In general, screening and testing procedures similar to those described above 
for the A factor have been used for the B factor. The specific scoring reaction here, 
however, are the dikaryon and the common-B interaction.'* 


EXPERIMENTAL RESULTS 


The experiments on the A and B factors were performed separately. The 
greater part of the work on the A factor was completed (M. G. B. and J. R. R.) 
prior to the initiation of the series of comparative tests with the B factor (R. B. M.). 
The results will be presented in this order. As a matter of convenience, the ac- 
count of the experimentation on each series of factors will disregard the other—a 
procedure that unfortunately was not transferable to the laboratory. 

The A Factor.—A number of important facts were established in an extensive 
series of analyses involving 495 independently isolated non-parental A factors 
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among a total sample of 4,852 progeny from 13 different pairings of A factors. 
Ten of these pairings were dikaryons collected from nature and included the cross, 
A! X A?, previously used by Papazian and Vakili. 

1. A large fraction of the non-parental A factors were completely stable over a 
period of time in respect to interfertility with both parental factors. 

2. For each cross, these stable non-parental A factors could be clearly assigned 
to two and only two self-sterile, cross-fertile classes which occurred in approximately 
equal frequency. These two classes were interpreted as the reciprocal products of 
intra-factor recombination. 

3. At 23° C. the frequency of recombinant A factors varied from 0 in four 
crosses, 1-3 per cent in most, to 12.8 per cent in one cross; at 33° C. the frequency 
was generally significantly higher, but only in those crosses in which non-parental 
A factors occurred at 23° C. 

4. An infrequent (0.5 per cent or less) class of non-parental A factors was 
differentiated from the stable, recombinant A factors in three respects: (a) they 
carried both parental A factors, (b) they were uniformly unstable, and (c) each 
exhibited after 6-8 weeks a pattern of reaction that was indistinguishable from that 
of one or the other of the parental A factors. These infrequent, ambiguous, and 
unstable A factors—henceforth termed A“"—are tentatively interpreted as irregular 
basidiospore progeny that are disomic or heterokaryotic for the A factor. Support- 
ing data for this interpretation will be published elsewhere; in the meantime, the 
A“"factors can be ignored in the further analysis of intra-A factor recombination. 

From the results of the work to this point, it appeared unlikely that the con- 
tinued analyses of single crosses would yield further significant information on the 
genetic constitution of the A factor. A more elaborate series of crosses was accord- 
ingly designed in which the interrelationships between the component parts of a 
number of different A factors might be revealed. A single strain carrying A*! 
(Mass.) was crossed with 11 strains carrying A factors originating from widely 
scattered locations. Samples of progeny of each of the 11 crosses were collected 
at 23° and at 33° C. and were analyzed for non-parental A factors. The various 
classes of non-parental A factors were then cross-mated in all possible combinations 
with each other and with 96 specific A factors that had been previously collected 
from nature.” These tests provided a number of significant results (Table 1). 

1. Two of the crosses gave no non-parental A factors at either temperature. 

2. In the remaining 9 crosses, non-parental A factors occurred at frequencies 
ranging from 0.9 to 14.5 per cent at 23° C, and from 3.9 to 15.9 per cent at 33° C. 

3. The effect of temperature on the frequency of non-parental A factors was 
extremely erratic. In 6 cases there were significantly more non-parental A factors 
at 33° than at 23° C.; in one case there were significantly fewer at the higher 
temperature; and in two cases there was no significant difference. 

4. The non-parental A factors in each of the 9 crosses in which they occurred 
could be unambiguously assigned to two classes which were represented in approx- 
imately equal frequency. 

5. When the two non-parental classes of A factors of each cross were test-mated 
with those of all others, three pairs of crosses were each found to have a common 
class of non-parental A factor. The data are arranged in Table 1 to show these 
relationships. 





. 44, 1958 tENETICS: RAPER ET AL. 893 


6. Test-mating of the 15 classes of non-parental A factors with the 96 classes 
of A factors collected from nature revealed 5 classes common to the two groups. 


- 


7. A""factors occurred in low frequency in 4 crosses. 


TABLE i 
Non-PARENTAL A Factors FROM RELATED DIKARYONS 
23° C 33°C 
Ree. Per Ree. . Recoms. 
A's 


PARENTAL Factors Sample Cent Sample A's Cass 


A‘! & A5! (Australia) 101 4.0 1559 248 5 A* 
sA> 
A‘! x A*® (Canada) 124 127 10 


A* (Germany ) 110 j 4.5 117 
A* (Mass. ) 113 ( 300 
A43 (Ala.) 121 5.8 127 
A? (IIl.) 122 f 5.6 493 


A'6 (Pa.) 123 318 - 

A*® (Panama) 101 ‘ : 116 : j Ai 

Ak* 

A™ (New Guinea) 126 ) 224 : 3.8 A! 

A™ 

A! (IIl.) 127 d . 127 : 3.6 5 A® 
Ae 


Ae = A“ (Panama); A* = A*! (Brazil, Mass.); Af = A*® (Mass., Pa.); Ai = A! (N.C.); Ak = A? (Wis.) 


x 
x 
xX 
x 
x A® (Calif.) 117 353 
x 
Xx 
x 
x 


Starting from the assumption that non-parental A factors result from recombina- 
tion between numerous distinct loci comprising the A factor, any attempt to con- 
struct a conventional map based on relative recombination frequencies led to re- 
sults bordering on the bizarre. Consider, first, the data for the samples collected 
at 23° C. The recombination frequencies of 14.5 and 0.9 per cent in the paired 
crosses A*! X A“ and At! K A*® could best be rationalized on the basis of three 
loci located at distances of 0.9 and 14.5 map units apart, with A*! homozygous with 
A* at the proximal locus and homozygous with A* at the distal locus. A-faetor 
recombination occurred in approximately equal frequency in the two members of 
ach of the other pairs of crosses having common recombinant classes; each of 
these pairs thus requires only two heterozygous loci. On the assumption of no 
more than one common locus between any two of these three pairs, a minimum of 
five loci is indicated. An extension of this reasoning to the entire set would re- 
quire a minimum of eight loci. The data for the 33° C. set would require two 
additional loci and would change their order. 

A test for a multilocus A factor is provided by the three crosses, A‘! X A!, A‘! 
x A*, and A! X A?, which at 33° C. showed recombination frequencies of 3.9, 
7.3, and 12.0 per cent (see below), respectively. Three loci, 3.9 and 7.3 map units 
apart with two of the loci heterozygous for each pairing, would provide two re- 
combinant classes for each cross, and there should be one recombinant class common 
to all three crosses. Cross-mating between the recombinants of the three crosses 
revealed no common recombinant class. The simplest, multilocus model there- 
fore cannot apply. 

Quite aside from the general lack of tidiness in this indefinitely multilocus model, 
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it is impossible to reconcile this model with the most striking fact shown by these 
and previous crosses and with the number of A factors in nature: (a) the regular 
occurrence of only two recombinant classes per pair of parental A factors and (b) 
the estimated 339 (5 per cent limits of 562 and 216) A factors in the natural popu- 
lation.” With the A factor constituted of 10 or more distinct loci, the probability 
of the random choice of 20 different A-factor pairings without finding a single pair 
heterozygous at more than two loci would be vanishingly small. 

An alternate simple model involving only two loci would be consistent with all 
the data and would require only one assumption: that there is no necessary pro- 
portional relationship between recombination frequency and the location of the 
component loci of the A factor in crosses with widely differing genomes. If this 
were the case, the model shown in Table 2 would apply. Because of the absence of 
recombination in certain crosses and the identity of recombinant classes common 
to pairs of crosses, a number of alternate states may be assigned to each of the two 
subunits. The A factor could then be written: A,—;*!, As—2*!, Ai—.2*, Aas”) ots. 
where the superscript denotes factor specificity, with numbers and letters repre- 
senting naturally occurring and recombinant factors, respectively, and where the 
subscripts denote subunit specificity. Either identifying designation may be 
omitted when not known. The use of the notation for recombinant A factors 
implies no basic distinction, since such factors are often identical with naturally 
occurring factors traditionally designated by superscript numbers; the notation is 
retained here only as a matter of convenience for the present consideration.” 
The postulated two-subunit model serves as the basis for a number of highly specific 
predictions which are subject to direct test. All subsequent samples were collected 
at 33° C. except where specifically stated. 


TABLE 2 


Tue Two-Susunit MopEtL oF THE A Factor 


Recombinant Classes 


1 1 4 41 : 
ai—1 when Crossed with A*! 


2 


None 
None 


etc. 


1. A cross between the two recombinant classes from any pair of A factors 
should yield the same classes of progeny as the cross from which they originated, 
but in the reciprocal frequencies. The combination A,-2* X A»; should thus 
yield A;—;*! and Az—,*! in a frequency of 14-15 percent. Asample of 168 progeny 
of this cross was analyzed as follows: 
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Ay XK Arb — A, * Az y> A;-34! Aeodt Aun aa. 
Expected: 72 72 12 12 ? 14-15 
Found: 85 58 16 8 14.3 


For four classes: x? = 7.2, P = 0.06 
For parental/non-parental: x? = 0.006, P = 0.9+ 


2. Crosses between recombinant A’s and the parental A’s should yield no 
distinguishable recombinant progeny. A series of four such tests gave the fol- 
lowing results: 

Sample Recombinants 
A,1" X Ai? 243 0 
A,1"" & Az_1> 223 
Az 5! K Ai 2* 233 
Ag 8! & Asi” 233 


3. The two crosses between the two recombinant A’s of any one of the crosses 
listed in Table 2 and a non-parental A factor should yield four recombinant classes, 
two of which should be identifiable in Table 2; two cross-matings of the recombi- 
nants of these crosses in a single specified pattern (as indicated by the crossed arrows 
below) should recover all three of the original A factors as recombinants. These 
expectations were exactly realized in the following series of tests involving A;—;*” 
and the recombinants of A,—;4! and Ay.¢**: 

Parental Recomb Tot. Recomb. 
A;3_;*? A, & A3-¢ A 


83 90 16 239 27 


hs 
49 52 3 . 8 122 17.2 


« 


si j- 5° Ag 
102 


109 , . : 2. 1 


In each case, the predicted recombinant types were unambiguously identified. 

$. A cross between two original A factors collected from nature but shown to 
be incompatible with the two recombinant classes of a single cross should yield re- 
combinant progeny identical to the two parental factors of the recombinants. A 
cross between A*! (= A*) and A®* (= A‘), neither of which strains were involved 
in any of the previous crosses, gave the expected progeny: 

Avi™ X Avs — Avi™® Ars Ap yt 
69 4 

5. Two factors, A% and A", gave no recombinant A factors with A*!, presumably 
because of homozygosity between one subunit of each and A*'. A cross between 
A* and A" should accordingly yield either (a) no recombinants if both are homo- 
zygous with A*! at the same subunit or (b) two recombinant classes, one of which 
should be A*', if the two factors are homozygous with A*! at different subunits: 


(a) Ar 3° x A:- 9'6 — A: 8° A, 9'® 
(b) Ay-s? K Ag-i!® — Arg? Ag-y!® Apt! Asg-s 
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No A* isolates were found among 225 progeny of the cross A* X A", and it is 
concluded that these two factors and A‘! are all homozygous at a single subunit. 
In this case, a cross between A®* or A’ and one of the recombinants of the cross 
A*! & A®' should yield A‘! as a recombinant. A‘! occurred in a frequency of 2 
per cent among the progeny of the cross A'® X A”; no A recombinants occurred 
in the parallel cross, A'® X A*. 

These results leave little doubt either of the basic, two-subunit structure of the 
A factor or of the essential validity of the model given in Table 2. The assignment 
of specific subunits here is at present partly arbitrary, e.g., it is highly improbable 
that all interfactor homozygosity should occur at the same subunit. The model 
leaves much in doubt that can be clarified only by a considerable extension of the 
work (see below), but preliminary attempts have been made to resolve the two 
most immediate and puzzling questions: (a) whether the wide variation in recom- 
bination frequency between the two subunits of the A factor is internally con- 
trolled by the component subunits of the A factor in each specific pairing or is 
externally determined by one or both genomes, and (b) whence came the four 
additional recombinant classes indicated by the work of Papazian and Vakili. 

A clue to the determination of recombination frequency was sought in a repe- 
tition of the most divergent pair of crosses having a common recombinant class, 
A*! & A*, 14.5 per cent, and A‘! X A*, 0.9 per cent, at 23° C., following a series 
of backcrosses with A*! to bring all three A factors involved into a common genetic 
background. In the sixth backcross, the frequencies of intra-factor recombination 
at 23° and at 33° C. (A*! & A*, 3.2 and 23.1 per cent; A‘! K A“, 10.6 and 13.8 
per cent) gave no information clearly relevant to the question of intra-or extra- 
factor control. Further studies will be required to clarify this important point. 

An analysis of the progeny of a pairing of A! and A?, the specific A factors em- 
ployed by both Papazian and Vakili, has been made to determine whether this 
particular pairing of factors actually differs so strikingly from the pattern con- 
sistently found here. The original Papazian strains carrying A! and A? could no 
longer be directly used, since both have mutated to thin and neither is now capable 
of bilateral mating. Both factors were accordingly backcrossed with A*! for five 
generations, a procedure that should retain the two specific A factors unchanged 
but should dilute out any extra-factor influences peculiar to the original strains. 
A' and A? isolates of the fifth generation of backcrosses were then crossed, with the 
following results: 


A! X A? -— A} A? A’ A’ Tot. Per Cent 
Recomb. 


139 139 18 20 316 12.0 


Whatever the cause may have been for the numerous apparent classes of recombi- 
nants previously found, it appears certain that it was not determined by the specific 
A factors employed. An unusually high frequency of A“" factors in the progeny of 
crosses between strains of the original Argonne stock'* with which the earlier work 
was done could probably explain the discrepancy between earlier findings and 
those reported here. 

The B Factor.—The basic, two-subunit structure of the A factor was fairly well 
established when a restricted series of tests, patterned on those relating to the A 
factor, was initiated to compare the factors of the two incompatibility series. A 
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basic similarity was revealed in the characteristics of the two series: tests specifi- 
‘ally designed for the A factor yielded entirely comparable results when applied 
to the B factor. These tests and the results that were obtained may accordingly 
be briefly presented; the notation of factor and subunit specifications is the same 
as that used previously for the A factor. 

Crosses were made between B** (Alabama) and each of two other B factors, 
B*' and B® (both from Massachusetts), the progenies of the crosses were analyzed 
for recombinant B’s and test matings were made between recombinant classes to 
determine possible recombinant class identities: 


By 143 X Bo 2t? > By 1"? Be_ 9? 2 > p= Tot. Per Cent 
Recomb. 


114 133 r 253 2.0 
Bi X Bost? —> = By? Batt 
104 129 236 1.3 
These two crosses had one common class of recombinants, B,-,*. The three 
recombinant B classes of these crosses and another, B*, from the cross B! & B? 
were test-mated with the 56 specific B factors previously identified in collections 
from nature.’ Three of the four recombinant B classes were found to be identical 
with original B factors: 


B* = B*4 (Massachusetts, Pennsylvania, Brazil), 
B” Not present in sample from nature, 

B° = B* (Massachusetts, France), 

B* = B® (California, North Carolina). 


From these results it appeared almost certain that the B factor, like the A 
factor, is basically constituted of two subunits, each having a number of alternate 
states, between which crossing over yielded recombinant factors. This basic 
structure of the B factor was confirmed in a series of four test crosses, in each of 
which the progeny were accurately predicted: 

Per Cent 

Bo 2? K Bsy Bz 24? Bvi* Bs_2*' Bz > Tot. Recomb. 

144 144 312 5.1 
Bs 2! XK Bo \y> — Bx 2"! 22 

129 156 : 293 
B,1"* X Bax By," By x 

157-137 : 299 
Bo 24? X By 2 Bz~2** Bi 

158 152 l 311 0 

These results correspond exactly with those obtained earlier for the A factor, and 
it is concluded that the same two-subunit structure is common to the factors of both 
the A and the B series. Beyond this fact, the most striking observations in these 
tests is the number of B™" strains that occurred. As a group, the B™" factors corre- 
spond to the A"”’s; each B"" factor was adequately tested to demonstrate its even- 


tual ‘‘decay”’ to identity with one or the other of the parental B factors. 


DISCUSSION 


The new information presented here concerning the genetic structure of the A and 
B incompatibility factors permits a more exact definition of tetrapolar sexuality in 
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S. commune than has been possible before. Tetrapolarity, as originally delineated 
by Kniep,'? requires no revision as a result of the more detailed information about 
the determining factors—except, of course, the origin of non-parental factors, and 
this was apparent from the earlier work of Papazian." The greater dissection of the 
over-all pattern of interactions that follows should accordingly be considered as an 
extension of the original definition of tetrapolarity. 

The interrelationships between paired factors of both A and B series, which so 
precisely determine not only the specific progression of intermycelial reactions but 
also the continuing characteristics of the mycelia derived from those reactions, may 
be summarized in the following way. Each of two mated homokaryons carries a 
specific A and a specific B factor, and between the two specific factors of a single 
series, A or B, there can be four different combinations in respect to the specific 
subunits of which the two factors are constituted: doubly heterozygous, doubly 
homozygous, and 2 singly heterozygous combinations. There are, accordingly, 16 
different combinations in respect to the relationships between two A factors and 
two B factors that are possible in the pairing of two homokaryotic strains. 

Since for each factor, A and B, heterozygosity at either subunit or at both sub- 
units results in compatibility, there are: (a) 9 combinations yielding the dikaryon— 
doubly or singly heterozygous A’s with doubly or singly heterozygous B’s; (b) 3 
combinations yielding the common A heterokaryon—doubly homozygous A’s with 
doubly or singly heterozygous B’s; (c) 3 combinations yielding the common B in- 
teraction—doubly or singly heterozygous A’s with doubly homozygous B’s; and 
(d) 1 combination leading to no known interaction—doubly homozygous A’s with 
doubly homozygous B’s. 

These four categories—(a) compatible, (b) hemi-compatible-a, (c) hemi-com- 
patible-b, and (d) non-compatible—represent the basic interactions of tetrapolarity ; 
their significance has been discussed by Raper and San Antonio.” 

The natural population of S. commune contains an estimated 339 A factors and 64 
B factors, and the specific factors of each series appear to be equally frequent and 
randomly distributed in nature.’ To rationalize these numbers of specifically inter- 
acting factors, with the most economical application of the present model, would re- 
quire 19 and 18 alternate states at the two subunits of the A factor and 8 distinct 
states at each of the two subunits of the B factors. Random pairings of strains from 
nature yield predominantly compatible combinations (98.15 per cent), of which a 
high fraction would be expected to fall in a class doubly heterozygous for both 
factors. If we assume both factors to be symmetrically constituted, with an equal 
number of alternate states at each of the two subunits, 64.2 per cent of all random 
pairings would oppose doubly heterozygous A’s and B’s. A more exact definition 
of the compatible class of pairings can be made only when the frequency distribution 
of the specific subunits of both series of factors has been determined. Pairings 
doubly homozygous for one factor would be 0.29 per cent and 1.56 per cent for the A 
and B factors, respectively, while pairings doubly homozygous for both factors 
would be 0.0046 per cent. 

One point is reasonably clear from the evidence presented here: specific factors 
of each series, A and B, act as physiological units, the specificity of the factor being 
determined by the unique combination of component subunits. The fact of func- 
tional compatibility—whether also of equal compatibility is less certain—between 
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factors of either series that are doubly heterozygous, singly heterozygous at one sub- 
unit, and singly heterozygous at the other subunit strongly indicates the functional 
equivalence of the two subunits of each factor. That the two subunits appear not 
to be differentiated in terms of function further suggests the possibility that they 
represent duplicates of a single entity at two locations separable by crossing over. 
A series of tests are now in progress which will differentiate the two subunits of 
either factor as to location relative to outside markers. Specific designations of the 
individual subunits will await their clear positional or functional differentiation. 
Furthermore, the functional unity of the paired subunits of each series of factors 
makes unnecessary the elevation of the individual subunits to the status of two new 
series of independent incompatibility factors. 

The expanded insight into the operation of the incompatibility mechanism af- 
forded by the findings reported here, however, still concerns only relatively super- 
ficial aspects of the system. The most immediate point of interest beyond the pres- 
ent status of the problem is the nature of the subunits, about which no clues are 
provided by the information now available. The individual subunit could repre- 
sent either a series of multiple alleles at a single locus or a group of very closely 
linked loci, each with two alleles—or conceivably a combination of the two. If each 
subunit is multilocus with paired alleles, the A factor would require a minimum of 9 
loci distributed between the two subunits, and the B factor would require a mini- 
mum of 6 loci. If this model applies, the present data clearly indicate close linkage, 
less than 0.1 map units for each entire subunit. More adequate genetic resolution 
of the incompatibility factors will accordingly be contingent upon the development 
of more sensitive testing methods than those that have been used here, where sam- 
ples in many cases approached the maximal size that can be handled practically in 
the laboratory. 

In species of the Hymenomycetes other than S. commune, intra-factor recombina- 
tion has been reported in two species. Terakawa' found in Pleurotus ostreatus oc- 
casional progeny that were compatible with both parental factors of one incom- 
patibility factor series, and he interpreted these progeny as intra-factor recombi- 
nants. In this laboratory a sample of 128 monosporous strains of P. ostreatus, iso- 
lated from a fruit collected in Belmont, Massachusetts, was screened and found to 
contain 2 non-parental factors of one incompatibility series. These two presumed 
recombinant factors are interfertile and thus may be assigned to different recom- 
binant classes. 

A recent paper by Takamaru” describes for a single stock of Collybia velutipes an 
irregularity of the tetrapolar pattern which he termed “‘interpolarity.”” In a sub- 
sequent analysis of crosses between F; progeny of this stock” he interprets the irreg- 
ularity as recombination between components of the A factor as originally described 
by Papazian. The few samples used in this work were small (15-20), the frequency 
of recombinant A factors was high (2/16 in one case, 3/17 in another), and intra- 
factor recombinations occurred only in the particular crosses in which it could have 
been predicted. Takamaru’s results are in substantial agreement with those pre- 
sented here, but it is sincerely hoped that the burden of the term ‘‘interpolarity”’ will 
not be generally adopted and added to the already considerable—and very real— 
complexity of tetrapolar sexuality. 

No new factors that would represent the products of intra-factor recombination 
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have been found in a number of other species in which they have been deliberately 
sought, in some cases at least, in large samples of progeny from numerous crosses. 
These include certain tetrapolar species of Coprinus (personal comraunications from 
H. P. Papazian, D. Lewis, H. L. K. Whitehouse, and Leslie Crowe) and the bipolar 
species, Polyporus betulinus (J. H. Burnett, personal communication; Raper et al., 
unpublished). 

From these studies with a very few sp *ies of the Hymenonycetes, it would ap- 
pear that the occurrence of two-subunit incompatibility factors may be fairly com- 
mon, but it may not be a necessary corollary of multiple-allelic incompatibility. 

The present findings give no intimations of the means by which the incompati- 
bility factors exert their specific and highly determinative effects upon the processes 
and products of intermycelial reactions. The study of the genetic and physiolog- 
ical aspects of the incompatibility system will be continued in the hope that more 
minute information may eventually clarify the mechanism which endows the sys- 
tem with such high specificity. 


* This work has been supported by grants from the National Cancer Institute of the National 
Institute of Health, U.S. Public Health Service (C-2221) and the National Science Foundation 
(G-3334). 
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RADIATION-INDUCED MUTATION RATES IN FEMALE MICE 
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Communicated by Alexander Hollaender, July 23, 1958 


Information on radiation-induced mutations in female mice has remained far 
below the level attained for males as early as 1951.!_ The reason has been that adult 
female mice given acute X-ray doses comparable to those used in our experiments 
with males become permanently sterile after bearing only one or two litters. Thus, 
in experiments with females, in order to obtain a total number of offspring equiva- 
lent to that from experiments with males, a much larger number of animals has to 
be irradiated. 

In spite of this difficulty, it was feasible, and seemed important, to conduct an 
experiment that would at least go far enough to determine whether females showed 
any indication of a much higher sensitivity to mutagenesis than males. Such an 
experiment, using acute X-irradiation, was consequently carried out at an early date, 
1949-1951. More recently, a much larger investigation has been started with 
chronic gamma irradiation, following the demonstration that the sterilizing effect 
on females can be minimized by administering the dose at a low intensity.* * 
The present paper will discuss mutation-rate data from both the acute X-ray and 
the chronic gamma-ray experiments, the latter of which is still in progress. 

The data from the acute X-ray experiment are presented in Table 1. This in- 


TABLE 1 
Mutations aT Speciric Loct 1n FEMALE Mice Exposep To AcuTE X-IRRADIATION 


Dose No. or No. or Mvurations at Locus 
EXPERIMENT (r) OrrsPRING b ( d Pp s* 
(300 498 
1949 < 400 760 
| 500 48 


‘ieee. 5845 


1950-1951 + 400 1799 


*See text for qualification concerning 1949 experiment. 


vestigation was carried out in two parts. In the experiment proper (1950, 1951), 
adult wild-type F; hybrid females from a cross of 101 X C3H strains were exposed 
to 400 r of X-radiation (250 kvp.; 15 ma.; inherent filtration 3 mm. Al; H.V.L. 
0.4 mm. Cu; dose rate 96 r/min) and mated to males of our T stock, which is 
homozygous for seven recessive marker genes. Only one mutation at any of the 
specific loci was obtained in 1,729 offspring of irradiated females. No mutations 
were found in 5,845 young born to control, unirradiated females (Table 1, 1950-51 
experiment). In a still earlier pilot study, no specific locus mutations had been 
found (1949 experiment). At this earlier time the test stock had not been fully de- 
veloped, and some of the test males used in this experiment, although homozygous 
for the marker genes at six of the loci, may not have been homozygous at the seventh 
(s) locus. The mutation rate of 12 X 10~ per roentgen, per locus, obtained 
by combining the data of the 1950-1951 and the 1949 series, and its 95 per cent con- 
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fidence limits of 0.3 X 10° and 68 X 10~% may, therefore, be slightly biased, but, 
since this bias is small compared with the sampling error, it will be ignored in the 
following discussion. . 

Although the estimate of the mutation rate is based on only one mutation and 
therefore has the wide confidence interval given above, the results obtained were 
nevertheless adequate to answer the question posed: they ruled out the possibility 
of females having a much greater sensitivity to radiation-induced mutagenesis than 
that found in males. Thus the upper 95 per cent confidence limit of the female 
mutation rate is less than three times the acute X-ray-induced mutation rate of 25 
X 10-* per roentgen, per locus, originally reported in males,! or the rate of 28 X 
10~ later found in males exposed to 300 r.4. Therefore, it could be concluded that 
caleulation of the average risk of equal exposure of both sexes on the basis of the 
far more reliable mutation rate obtained in males would almost certainly not 
underestimate the hazard from acute X-rays by more than a factor of 2. Of course, 
such a calculation is actually more likely to overestimate the hazard, since the point 
estimate for females is below that for males, and the lower 95 per cent confidence 
limit of the female rate is very much below that. However, it is obvious that a 
calculation based on the correct male rate can never overestimate by more than a fac- 
tor of 2, no matter how low the true rate in females is. 

The limited experiment on females was, then, sufficient to show that if the more 
reliable mutation rate in males is used to calculate risks, any error introduced by 
not allowing for a difference between the acute X-ray-induced rates in males and 
females is likely to be well within the limits of other uncertainties in the estimation 


of genetic hazards in man. Consequently, the obtaining of more accurate informa- 
tion on specific locus mutation rates in females was postponed until recently, and the 
use of the specific locus method for the exploration of the many other factors that 
enter into the estimation of genetic hazards‘: ® was pursued in males. 

In the interval between the early specific locus experiments in females and the 
present ones, to be described below, various other genetic effects in females were 


investigated in experiments that do not require large numbers and are not hampered 
by radiation-induced sterility. These studies*~* dealt with chromosome aberra- 
tions, particularly dominant lethals and translocations, which had been virtually 
unexplored in the female. They had been the subject of much work in the male, 
where it was shown that they are probably not a major hazard because the inci- 
dence, following irradiation of spermatogonia (the cell stage that is important in 
human hazards), was found not to be significantly different from that in controls. 
Dominant lethals could conceivably have turned out to be a hazard in the female, 
where o6gonia are not present in the adult" and all germ cells are in primary 
obcyte stage. However, it was shown that death due to dominant lethals occurs 
very early in embryonic development.’ Translocations, which might also have 
proved to be a hazard in females, were shown to be induced with only low fre- 
quency.’ 

Concurrently with the work on chromosome aberrations, experiments were con- 
ducted to determine whether there were conditions of radiation that would minimize 
the sterilizing effect and so provide a more practical method for measuring specific 
locus mutation rates in females. Results from such investigations on fertility, 
taken together with the studies of dominant lethals and ovarian histology, aid not 
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only in the design of experiments but also in the interpretation of work on the 
genetic effects of radiation. Early experiments indicated that the radiation effect 
on female productivity was lessened by increasing fractionation of X-ray dose.*: !! 
More recent work shows that chronic gamma irradiation is even less sterilizing and 
that there is clearly an inverse relationship between dose rate and total young sub- 
sequently produced.* An example of the relative effectiveness of acute X-rays, 
fractionated X-rays, and chronic gamma rays is provided by the following data from 
the females used in our experiments: after receiving 300 r acute X-rays, a female 
produces, on the average, 7.6 young before sterility sets in; with the same total 
dose given in five 10-r fractions per week, she produces 13.7 young; if about the 
same weekly dose (47.2 r/wk) is, instead, admimistered continuously as chronic 
gamma radiation, females produce, on the average, 72.7 and 59.1 young for total 
doses of 256 and 342 r, respectively. A dose distribution that is compatible with 
long-continued fertility not only is of practical advantage in experiments but also 
tests the situation that is potentially most hazardous in humans, namely, that in 
which a high total dose is absorbed with minimal interference in transmission of 
genetic damage to descendants. On the basis of these results and considerations, 
the present specific locus experiment was started. 

In this experiment (101 & C3H)F; young adult females were exposed to 258 r of 
gamma radiation from a cesium! source at an intensity of 86 r/week. After re- 
moval from the radiation field, they were mated with T-stock males and the off- 
spring examined for mutations at the seven specific loci. The results to date, in- 
cluding those from control females, are given in Table 2. Only two mutations have 


TABLE 2 
Mutations at Spectric Loct in FeMALE Mice Exposep To CHronic GAMMA IRRADIATION 


Dose —————-No. or Mvrarions at Locus —_—_—— 
(r) No. or OFPrsPRING ¢ d Pp 8 d s¢ 


0 29,739 
258 22,234 


occurred, one at the b locus and the other, presumably a deficiency, involving simul- 
taneous loss of the phenotypic effects of the closely linked d and se loci. 

The induced mutation rate of 5 X 10~‘/r/locus (95 per cent confidence interval: 
0.6 to 18 X 10~*) is significantly lower than the rate of 28 X 10~*/r/locus already 
cited for irradiation of males at the comparable dose level of 300 r of X-rays de- 
livered at 83 r/min.‘ In addition to sex, there are two other obvious differences 
between these experiments on males and females, namely, intensity and quality of 
radiation. The weight of genetic evidence from other organisms indicates that 
neither of these factors is likely to be of much importance, although the difference 
in quality between the X- and the gamma radiation used might be expected to have 
a slight effect. Thus, on the basis of the evidence considered so far, it would be 
tempting to conclude that the low mutation rate obtained in the experiment with 
females is due to sex. However, preliminary data from males exposed to chronic 


gamma radiation from the same cesium! source also show a low mutation rate,!®: 4 
which, as far as it goes, is not significantly different from the female mutation rate. 

Two alternative hypotheses may be formulated on the basis of these findings. 
According to the first hypothesis, the low mutation rate with chronic gamma irra- 
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diation is due to the same factor in males and in females. This could be either 
the lower intensity or the quality of radiation, although the weight of earlier genetic 
evidence is against both factors. According to the second hypothesis, the low rates 
in males and females are due to different causes. Thus the rate in males irradiated 
with chronic gamma rays may be low because of indirect factors, to be discussed 
below, while in females, where such indirect factors cannot be easily invoked, the 
low rate may be characteristic of the sex or of the odcyte stage. 

Possible indirect factors that may affect the mutation rate measured following 
irradiation of spermatogonia have been discussed elsewhere.*:* They may be 
summarized briefly by saying that it is possible that the low mutation rate observed 
in chronic gamma experiments with males may have resulted from death of sensi- 
tive cells in the testis. The marked variation in sensitivity of spermatogonia to 
killing by irradiation'* '* and the observed actual reduction in mutation rate in an 
experiment with a high dose (1000 r) of acute radiation: 4 may both be taken as 
support for such a hypothesis. If this is the answer, then the low mutation rate 
observed in the chronic irradiation experiments with males would be a peculiarity 
of the levels of intensity and dose used. With males at lower doses or intensities, 
where the killing of spermatogonia or other interference with the dynamics of 
spermatogenesis was reduced to an unimportant level, one would expect, on this 
hypothesis, a mutation rate as high as, or even higher than, that found with acute 
irradiation. As has been pointed out elsewhere,‘ since this hypothesis is at least 
plausible, it would be incautious to conclude at the present time that chronic gamma 
irradiation of males will, at all doses and intensities, be less effective than acute X- 
irradiation. 

However, it seems unlikely that an indirect factor of the type discussed for males 
would apply to the present data on females. Since oégonia do not occur in the adult 
ovary,’ the chronic irradiation will be received by odcytes, which, furthermore, for 
the bulk of the dose will be in the remarkably uniform dictyate stage. These 
oécytes are, therefore, quite different from spermatogonia, which are going through 
rapid cycles of mitosis and consequently might be expected to show marked differen- 
tial sensitivity to radiation. Thus it is reasonable to predict that the low mutation 
rate per roentgen observed in the present data may hold for other doses and in- 
tensities of chronic gamma irradiation in females. It also seems reasonable to as- 
sume that this information can be carried over to humans. 

Summary.—Mutation rates in females have been measured by the specific locus 
method in two experiments. 

A relatively small experiment with acute X-rays, at a dose which rapidly steri- 
lizes females, was nevertheless sufficient to show that if the average risk of equal 
exposure of both sexes to acute X-rays is calculated on the basis of the far more re- 
liable rate determined in males, the hazard will almost certainly not be underesti- 
-mated by more than a factor of 2. 

An experiment with chronic gamma rays, which allowed almost normal fertility 
of the females, has, to date, given a rate of 5 X 10~%/r/locus with a 95 per cent con- 
fidence interval of 0.6 to 18 XK 10~*. This rate is significantly below that of 28 x 
10-*/r/locus found in males irradiated with a similar dose of acute X-irradiation. 
Possible reasons for the lower rate are discussed. Whatever the explanation turns 
out to be, the results indicate that the mutation rate in women exposed to chronic 
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gamma radiation may be less than that estimated from our earlier yardstick, 


namely, the mutation rate obtained from acute X-irradiation of male mice. 


* Operated by Union Carbide Nuclear Company for the United States Atomic Energy Com- 
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FUNCTIONAL EQUATIONS IN THE THEORY OF DYNAMIC 
PROGRAMMING. IX 


VARIATIONAL ANALYSIS, ANALYTIC CONTINUATION, 
AND IMBEDDING OF OPERATORS 


By RicHaArRD BELLMAN AND SHERMAN LEHMAN 
THE RAND CORPORATION, SANTA MONICA, AND UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated by Einar Hille, July 14, 1958 


Introduction.—Consider the formal identity 


Max [(z, Ar) — 2(z, y)] = (y, A7y), (1.1) 


where zx is an element of a space S, and A is a symmetric operator defined over S 
with the property that (x, Ax) is negative definite. Since the Euler equation as- 
sociated with this variational problem is Ax = y, we see that the element zx furnish- 
ing the maximum is given in terms of the inverse operator. For the case of or- 
dinary or partial differential operators; these operators are expressible in terms of 
Green’s functions. 

On the other hand, several classes of variational problems of this type can be 
treated by means of the functional equation technique of dynamic programming. 
Combining the two approaches, we can derive a number of properties of Green’s 
functions. For the case of second-order linear differential operators, these tech- 
niques were applied in Bellman! and Bellman and Lehman,’ while the classical 
Hadamard variational formula for Green’s function associated with second-order 
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partial differential operators, of elliptic type was obtained in this fashion in Bell- 
man and Osborn.* Similar results were obtained for linear integral operators and 
Jacobi matrices in Bellman.** 

Since this approach yields results in a quite straightforward fashion, it is of some 
interest to see whether or not they can be extended to cover cases in which A is not 
necessarily negative definite, in which A may be symmetric and complex, and in 
which it need not be symmetric. 

In Bellman and Lehman? it was shown how analytic continuation could be used 
to overcome the lack of positive definiteness. Here we shall show how analytic con- 
tinuation and a min-max variation can be used to treat the case of a complex sym- 
metric operator, with particular reference to second-order linear differential opera- 
tors, and how analytic continuation and an imbedding technique can be used to 
handle non-symmetric operators. Specific applications will be given subsequently. 

2. Complex Symmetric Operators.—Let A + iB be a complex symmetric opera- 
tor. The equation (A + 7B)(x + ty) = u + w reduces to the two real equations 


Ax — By = u, Ay + Br = v. (2.1) 


If A is negative definite, these can be considered to be the variational equations 
arising from the problem of determining the maximum over y of the minimum over 
x of the functional 


(y, Ay) — (x, Ar) + 2(x, By) + 2(u, x) — 2(v, v). 


If A is not negative definite, we replace A by A — 2/, where z is a sufficiently large 


positive scalar, and then employ analytic continuation as in Bellman and Lehman.’ 
3. The Second-Order Linear Differential Operator.—As an illustration of this 
technique, consider the equation 


u” + (g(x) + th(x))u = p(x) + ig(x) (3.1) 


overa<a<T. Setting u = v + iu, we obtain the equations 


v” + g(x)v — h(x)w = p(a), 
w” + g(x)w + h(x)v = g(a), 


which are the variational equations connected with the problem of determining the 
minimum over v and maximum over w of the functional 
T 
S [a—o'? + ww? + g(x)v? — 2h(x)ow — g(x)w? — 2p(x)v + 2q(x)wldzx. (3.2) 
a 
Since this functional is convex in w’ and concave in v’, it is easy to show that min 
max = max min. 
With this information, the functional equation technique can be applied as in 
Bellman and Lehman.’ 
If g(x) is not uniformly positive in the interval [a, 7'], we introduce the function 
z + g(x), where z is a sufficiently large positive quantity and employ analytic con- 
tinuation, as indicated by Bellman and Lehman.’ ' 
In a variety of problems in mathematical physics, complex functions occur when 
energy dissipation is taken into account (cf. Dolph,® where the min-max formulation 
is discussed in detail. ‘ 
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4. Non-symmetric Operators.--Let A be « non-symmetric operator, A # A’. 
In order to study A~! and the resolvent operator (A — \J)~', by variational tech- 
niques, we consider the problem of maximizing the functional 


(x, Br) + (y, By) + 2(x, Ay) — 2(u, x) — 2(r, y), (4.1) 


where B is a negative definite operator. 
The variational equations are 


Br + Ay = u, A’x + By = v. (4.2) 


We have thus imbedded the equation Ay = u, not necessarily of variational origin, 
within a family of variational equations. 

In order to carry out the analytic continuation, we replace B by zB and study the 
analytic character of the symmetric matrix operator, 


zB A P 
M(z) — & = (4.3) 


and its inverse, as functions of z. Eventually we wish to set z = 0 so as to obtain 


0 A 
tis 
M(0) ye ‘ | (4.4) 


The analytic details in each case will depend upon the nature of the operators A 
and B. For the case of linear differential operators, the methods given in Bellman 
and Lehman? will yield the desired results. 
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ON THE SEMIRADICAL OF A SEMIRING 
By SAMUEL BouRNE AND Hans ZASSENHAUS* 
LEHIGH UNIVERSITY, BETHLEHEM, PENNSYLVANIA, AND MCGILL UNIVERSITY, MONTREAL, CANADA 


Communicated by H. S. Vandiver, July 7, 1958 


1. Introduction.—In this paper we attempt to make the concept of the Jacobson 
radical of a semiring introduced by one of the authors! more useful for the strue- 
tural investigation of semirings. In the earlier paper! the Jacobson radical FR of 
a semiring S was characterized from below as the maximal right ideal R in which 
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for every pair of elements 7; and 7 of R there can be found elements J; and j2 in R such 
that 


+ yn + ta + tojo =%+ Je + toji + Ui Je. (1) 


In this paper a new two-sided ideal called the semiradical is defined which contains 
the Jacobson radical but does not always coincide with it, and this ideal can be 
characterized both from above and below. 

As in the earlier paper, only semirings with commutative addition and zero ele- 
ment are considered. 

Definition 1.—Two elements 2, 72 of a semiring S are called equivalent if the equa- 
tion 7; + x = 7% + xis solvable in S. 

Lemma 1. The equivalence relation in a semiring is reflexive, symmetric and transi- 
tive and satisfies the substitutional laws of addition and multiplication. 

Proof: i~ibecausei +0 =7+0. Ifa, ~ 2%, then 7, + x = 72 + x with some x 
eS,rht+r=4+27n~h. Linde ~ es, then +2 =H +2,n+ y = 
i3 + y with some z, ye S; hencet; + r+ y=nHt+r+yzntytr=+ 
ytrryngtatyanrs TIftprmr, j ~ jo, theny +27 =H +ayty 
+ y, with some x, yeS; hence + fj t¢rty=Ret+tptrtyath 
+ jx tlaty) = tat ty = t+ y) = te + Hy, Hr ~ hie; similarly 47) ~ tej) 
and tj) ~ teji ~ bajo. 

It follows that the equivalence classes 7* represented by 7 « S form a semiring S* 
according to the laws 


1,* + 1.* = (2, + to) * 2 *t0* = (iyt2)*. (2) 


In S* the cancellation law of addition holds because from 7,* + x* = 7%* + x* 
it follows that (2; + 2)* = (2 +2)*,y +a+y=H+a+ y with y €S, i,* = i2*. 
Therefore, the semiring S* can be imbedded into a ring S generated by S*. It con- 
sists of all formal differences x* — y*(z, y € S) subject to the rules: 2* — y* = 
u*¥ — v¥ifxe+v+2= y+ ut zis solvable in S, (x* — y*) + (p* — g*) = 
(a + p)* — (y+ q)*, (a* — y*)(p* — g*) = (ap + yq)* — (xq + yp)*, identify 2* 
with 2* — 0*. The ring S also can be defined as the ring generated by the elements 
7*(¢ « S) with the defining relations (2). In other words, the homomorphism 
of the associative ring F freely generated by the elements 2x’(2 « S*) onto S that 
maps x’ onto x has as its kernel the two-sided ideal of F generated by the elements 
a’ +y’—(xt+y)',2’y’ — (ay)’. 

This construction suggests the derivation of the formal apparatus of the earlier 
paper! and of the present paper from ring theory by substituting differences in ring 
theoretical identities and rearranging the terms using additions only, e.g., 


(1 + (t — %))(1 + Gi — je)) = 1 (la) 
is equivalent to (1) in a ring with unit element. Sometimes the form 
(1 — (a; — %))(1 — (j1 — fz)) = 1 (2a) 
equivalent to 
to + Je Se aja of 1ojo =au4t+ na ia to)1 2 tJ (2) 


obtained from (1) by interchanging the subscripts 1 and 2 is a more convenient one. 





Vou. 44, 1958 MATHEMATICS: BOURNE AND ZASSENHAUS~< — 909 


If we wish to make necessary computations between elements of an ideal J of S, we 
first make the computations between the corresponding elements of J*. In going 
back to J, we have to observe, as in the earlier paper (p. 165, line 9), that (4, + 
Jit tipi + t2J2)* = (te + jo + tijo + tej1)* implies 


bhtpAtanat bj tj =e thet tjet bi t+7j (4) 
with j in J, and thus 


it (ats) + alt J) + (Je +39) = te + (e+ 7) + O92 +7) + HA + DZ). 
(5) 

Definition 2.—The semiradical o(S) of a semiring S is defined as the set of all ele- 
ments 7 of S for which 7 is contained in the Jacobson radical R(S*) of S*. 

Since the mapping of 7 onto 7* is a homomorphism of the semiring S onto the 
semiring S*, it follows that the inverse image of the two-sided ideal R(S*) is itself a 
two-sided idea of S. It is clear that o(S) contains the Jacobson radical R(S) of S. 
Moreover: 

THEOREM |. The semiradical of a semiring S is the maximal right ideal I of S 
in which for every pair of elements 1;, iz of I other elements ji, j2 of I and an element j 
of S can be found such that (4) holds. 

THEOREM 1’. The semiradical of a semiring S is the maximal right ideal I of S in 
which for every pair of elements %,, i2 of I a pair of elements j,, j2 of S can be found such 
that (1) holds. 

Proof of Theorem 1’: For every pair of elements 7), 72 of o(S) there are elements 
ji, Jz Of o(S) and an element 7 of S such that (4) is satisfied. We infer (5) which is 
obtainable from (1) if 7; is replaced by j: + j and jz is replaced by j2 + j. Con- 
versely, let J be a right ideal of S in which for every pair of elements 1, 22 of J a pair 
of elements /;, j2 of S can be found satisfying (1). It follows that 7; + re = je + %, 
tr + (jr + Xe) + ti(fi + 22) + to(Jo + 22) = 12 + (Jo + A2) + t2(Jir + 2) + ti(J2 + 22) 
idee Bel (je + M4) + ti(Je + %1) + (jo + %2) = te + (je + 2%) + to(J2 + 21) + 
(jo + Xe) = te + a H+ ty + tote + J = to + Xo + tok, + 4, Xe + J, where x; = ty 
ss to) + tiJe el,%2=%+ ii as tojo el, J = jo + dijo + toJo eS. 

2. Clesure and Zeroid.—An important concept of semiring theory not con- 
sidered in the earlier paper' is that of closure of a subsemimodule J of a semimodule 
S.4 

Definition 3.—The closure I of J is the set of all elements of S which are congruent 
toOmodulo/. If/ = J, then / is said to be closed. 

The closure consists of all elements s of S satisfying an equation s + x = y with 
z,yinJ. It isclear from the definition that J < I, I =I. Furthermore, if J, < Js, 


then J, < [,, and for any two subsemimodules /J;, J, we have J; + I, = Ty + Ty. 
If J is a left (right) ideal of a semiring S, then J isa left (right) ideal of S. Moreover 
Il_ = II, and sI = sl. 


LemMa 2. Any congruence modulo I is equivalent to congruence modulo I. 


Proof: If s; = s2 (J), then s; = s (J) since 7 < J. If 3, = % (I), then s, +7 = 
s. + 7’ with 7, i’ eT; hence i + 2; = to, i’ + ay’ = t' with i, a2, ty’, 2’ eT. Hence 
+7444 7/ =98+27' +44 0/ ands, + 24+ 2)’ = % + %2’+%,. Therefore, s 
= So (1). 
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If S is a ring without unit element, it was pointed out? that a left (right) ideal J of 
S in the sense of semiring theory is not necessarily an ideal in the ring theoretical 
sense. It is an ideal in the sense of ring theory, if and only if it is closed. 

THEOREM 2. Both the Jacobson radical and the semiradical of a semiring are 
closed. 

Proof: If ri, re ¢ R, then r; + yi = zi, where yi, zi, i = 1,2, ¢€R. Also, there 
exist elements j;, jo in R, such that 2. + y: + jo + (a1 + Yeo) + (22 + W)je = 
121 + Yo) + jit (22 + wm)hi + (21 + yo)je. Substituting r; + y; = 2,7 = 1, 2, and 
setting u = yi + yo + (yi + ye) (ji + Je), we obtain that re + zo + riji + Trejo + U 
=nt+hjtratnje + u, whereeue PR. Weset ky = 7; + u, ke = jo + wand 
obtain that r2 + ke + ryky + reky = ry + ki + reky + mike. This implies that R is 
a right semiregular ideal and R < R. Therefore, R = R. 

In order to prove that o (S) is closed, we observe that o(S8) is defined as the in- 
verse image of R(S*) under the homomorphism i — 7* of S onto S*, so that the re- 
mainder of Theorem 2 follows from 

Lemma 3. Let ¢ be a homomorphic mapping of the semimodule M onto the semi- 
module M*. Then the inverse image of a closed subsemimodule m* of M* is a closed 
subsemimodule m of M. 

Proof: Let x = O(¢~'m*) so that there are elements a, b of g~'m* satisfying 
xr+az=b. Hence g(x + a) = gt + ga = ob, or =0(m*), re m*, x € gm*. 
Thus m is closed. 

If we imbed the ring S in the customary manner into the ring (1) + S consisting 
of the formal sums a + x (xeS, a, a rational integer) with the operational laws: 


(a+ 2x) + (a’ +2’) = (a+ a’) + (t+ 7’), 

(a + x)(a’ + 2’) = aa’ + (xr’ + ar’ + a'r) 
and with the unit element 1 + 0, then o(S) is characterized as the maximal right 
ideal J of S in which for every pair of elements 7%, 7: of J there exist two elements 
ji, jo of J such that (1 + %* — 2*)(1 + j:* — jo*) = 1. From this characterization 
we derive 

THEOREM 3. The Jacobson radical and the semiradical of a halfring (see 4) both 
coincide with the intersection of the Jacobson radical of the embedding ring with the 
given half-ring. 

Moreover 

THEOREM 4. The difference semiring of a semiring over its semiradical has 0 
semiradical. 

Proof: Let A be any two-sided ideal of S contained in o(S). The elements of S 
representing a(S — A) form a two-sided ideal B of S. For any two elements 4, 72 
of B there are elements j;, j2 of S such that (1 + 74,* — a*)(1 + 7i* — jo*) = 1+ 
x,* — x* in (1) + S with x, x2 € A, and hence (1 + 2,* — 22*)(1 + m* — yo*) = 1 
with certain elements y;, y2 of S. Therefore, (1 + %:* — a2*)(1 + (jiyi + joye)* — 
(joy: + jiy2)*) = land B < a(S). Now it follows from Theorem 2 that o(S — A) 
= a(S) ‘A. 

Lemma 4. The semiradical of a two-sided ideal I of a semiring S is a two-sided 
ideal of S. 

Proof: Yor x « S one has2z o(1)] < ao (1) S$ al < Iso that ro(J) is a right ideal 
of J. For %, % € o(/) there are elements j;, j2 € / satisfying (1). Upon multiplica- 
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tion of (1) by a ¢ S, one finds that xo(/) is a right ideal of J contained in a(J). 
Similarly o(J) x < a(J). 

In a semiring that is not a half-ring, it can happen that the Jacobson radical is 
properly contained in the semiradical. E.g., let 7; be the half-ring of all poly- 
nomials in the indeterminates x;, 7 = 1, 2, with non-negative rational integral co- 
efficients, let S be the semiring formed by the sums ¢; + & with ¢; « 7; and the 
operational rules: 4; + t = t' + t’ if and only if either 4, = 4’, & = tb’, or ¥ ty’, 
tity’ F 0, te = to’, and (uy + v2) + (vr + v2) = (uy + 01) + (U2 + 02), (Ua + U2) (01 
+ vo) = uv; + Ure. It follows that the elements ¢; + 0 form a closed two-sided 
ideal A isomorphic to 7; for which a* + a* + 2* = a* + 2* and hence a* = 0 for 
ain A. Hence A belongs to the semiradical of S. On the other hand, S — A is 
isomorphic to 72, so that o(S — A) = Oand hence o(S) = A according to Theorem 
4and proof. But R(A) = Oandthus0 = R(S) < o(S) = A. 

For any semiring S and any ordinal number », the higher semiradicals ¢,(S) of S 
are defined by transfinite induction: o1(S) = o(S), ¢,+:08) = o(¢,(S)) and for a 


limit ordinal ¢,(S) = a a,(S). It follows from the definition that R(S) < o,(S) 
uc 
and from Lemma 4 that a,(S) is a two-sided ideal of S. There is an ordinal number 


w for which o,(8) = o,+:(S), and in this event we have o,(S) < R(S), R(S) = 
o,(8). Thus the Jacobson radical of a semiring may be characterized as the 
minimal higher semiradical. 

Another important concept of semiring theory is the zeroid of a semiring. 

Definition 4.—The zeroid Z(S) of a semiring S is the set of elements z of S for 
which the equation z + x = x is solvable in S. 

In other terms the zeroid consists of all elements z of S for which z* = 0, Le., 
the zeroid of S is the inverse image of the 0-element of S* under the homomorphism 
i— i* of S onto S*. 

Trivially the zeroid of a ring consists of 0 only. Furthermore, 

Lemma 5. The zeroid is a two-sided ideal. The zeroid of a right (left) ideal is a 
right (left) ideal. 

Lemma 6. The zerord is closed. 

Lemma 7. The zeroid is contained in the semiradical. 

It may be pointed out that in view of theorem 8 of the earlier paper’, the zeroid 
of the Jacobson radical of a regular semiring is equal to the Jacobson radical. 
Moreover, we have 

THEOREM 5. If for every element a of a semiring S the equation 


axa = arat+a (6) 


is solvable in S, then a(S) = Z(S). 

Proof: Let a ¢€ o(S) and (6), then e = ‘ax;)* — (ax-)* = e? € R(S), so that the 
equation e + z — ea = Oissolvable in S. It follows that 0 = e? + ea — e*x =e, 
a* = ea* = 0,a € ZS), o(S) < ZS), o(S) ='Z(S). 

Lemma 8. The zeroid of the difference semiring of a semiring by its zeroid is 0. 

Proof: We let z — Z(S) « Z(S — Z(S)). Hence there exists x « S, such that 
z+22=2(Z(S)). This implies the existence of z; « Z(S) such that z+ r + 4 = 
x + z and 2; « S such that z; + 27; = 71,2 = 1,2. Hencez+ 2r+%+ 2 = 
2etetatate=art+tatntnraHr+ntatm=r+%mt 
Therefore, z « Z(S) and z = 0(Z(S)). Hence, Z(S — Z(S)) = 0. 
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Lemma 9. The difference semiring of a finite semiring by its zeroid is a ring. 

Proof: In view of Lemma 8, it suffices to show that a finite semiring satisfying 
Z(S) = Oisaring. If s eS, S finite, there exist positive integers m,n, m <n, 
such that ms = ns. Therefore, ns + (n — m)s = ms + (n — m)s = ns and (n — 
m)seZ(S). Since Z(S) = 0, we have that (n — m)s = Oand —s = (n — m — 1)s. 

Lemmas 8 and 9 point out the important fact that the structure of finite semirings 
is reduced to (1) Z(S), (2) S — Z(S) isa ring. 

Definition 5.—A semiring is said to be semi-nilpotent if it is nilpotent modulo the 
zeroid. 

TuHeEoreM 6. If the closed right ideals of a semiring S contained in the closed right 
ideal I, which is contained in o(S), satisfy the descending chain condition, then I is 
semi-nilpotent. 

Proof: Let N be a right ideal of S contained in J such that N? = N ¢ Z(J). 
The closed right ideal N contains a minimal closed right ideal J such that JN ¢ 
Z(1). There is an element 7 of J such that iN ¢ Z(J), iN ¢ Z(J). But iN = 
iN? =iN*. Hence iN? ¢ Z(1),andiN N ¢ Z(S). Now iN isa closed right ideal 
of S contained in J, but, in view of the minimality of /, it follows that iV = J. 
There exist two elements y;, v2 € N such that 


t+ iy; = tye. (7) 


Since y;, ye are in o(S), it follows that there are elements z;, 22 in S such that y; + 
21+ yi2r + Yote = Yo + 22 + yori + yize. Upon multiplication by 7 from the left 
and substituting (7), we have i + u = uwith u = ty, + tz, + tysz1 + t2e + tyi2e € I. 
Hence 7 « Z(J) and iN < Z(J), which implies a contradiction. It follows that for 
any right ideal N of S contained in J the equation N? = N implies that N < Z(J). 


There exists an integer p for the descending chain of closed right ideals J > P>p 


>... such that N = 7? = J2?*' = 7277?” = N2. Since N < Z(J), then/?’ < 
Zi1). 

We give an example of a finite semiring whose zeroid is not nilpotent: Let S. be 
the semiring of order 2 with elements 0, 1 whose composition tables are 


+/0 1 0 1 


00 1 00 0 
11° 1 10 1 


In this example Z(S2) = So. 
3. Semimodularity and semiprimitivity. 
Definition 6.—A closed left ideal L of a semiring S is called semimodular if there 
exists elements 8), 82 in S such that 
s + u 4% + u(L + a(S)) for ueS (8) 
and if for any element z of S there is an element y of S such that 
E+ rs + y=28, + y (L). (9) 
‘The semimodular left ideal L is called semimaximal if, for the given two elements 
8, 8 satisfying (8) and (9), Z is maximal. 
Let, for any left ideal L of S, L* be the left ideal of S* consisting of the images 7* 
with ¢ « L and Jet L be the left ideal of S generated by L*, i.e., L consists of all dif- 
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ferences 2;* — 72* with 7, 7% ¢L. If L is semimodular, then set e = s,* — so*, and it 


follows that 
x = re(L) for reS. (10) 

Moreover, e # 0(L + o(S)). Hence L is a modular left ideal of S. Conversely, 
if for a given left ideal L of S the left ideal Z of S is modular, then there exists an 
element e €S satisfying (10). One has e = s,* — s2* with s;, s. eS, hence (9). If 
e=0(L + o(S)), then e=r(L) with r € o(S), so that an equation r + s = sr holds 
in S and therefore re + se = sre = sr = se (L), re=0(L),e=r=re=0(L),7¢= 
2c= O(L), S = Lacontradiction. Hence e # 0(Z + o(S)) and therefore (8). It 
follows that Z is semimodular and that for rings our concept of semimodularity 
coincides with the concept of modularity by Jacobson.* In this case, also, semi- 
maximality turns out to be the same as maximality. 

If L is a semimodular, then so is L + a(S). 

Lemma 10. Jf for r eS, we have Sr < a(S), then r € a(S). 

Proof: Let I = {r|reS: Sr < o(S)},i.e., J is the set of all elements r of S satisfy- 
ing the condition that Sr is contained in o(S). J is a two sided ideal, and J > a(S) 
>I*. Hence J — a(S) is a nilpotent ideal of S — o(S). Theorems 5 and 7 of the 
earlier paper! imply that J — o(S) = OandJ < a(S), re a(S) in view of Theorem 
2. 

THEOREM 7. The semiradical of a semiring is the intersection if its semimaximal 
semimodular left ideals. 

Proof: It is clear that the semiradical of a semiring S is contained in each semi- 
maximal semimodular left ideal. We have to show that an element r which does 
not belong to a(S) is not contained in at least one semimaximal semimodular left 
ideal. Due to Lemma 10 there is an element e in S r* such that no congruence 


te =e + X(o(X)), #¢ §, (11) 
exists. Let Xy be the left ideal of S generated by o(S) and all the elements xe — x. 
If e=0(X>), then e = Xe — X(o(S)) or (11) for some ¥ € S, a contradiction. Hence 
e # O(Xy) and X = se(X>) for X e S, so that Ny is semimodular. Let Lo* = Xo n S* 
and let Ly be the inverse image of L)* under the homomorphism of S onto S* that 
maps 7 onto 7*. It follows that Lo is a closed left ideal of S containing o(S8) such 
that LZ) = No. Moreover, we have e = s,;* — s* with certain elements 8), s2 € Sr 
and thus (8) and (9), so that Ly is semimodular. By Zorn’s lemma, Ly is contained 
in a semimaximal modular left ideal L for which (8) and (9) are satisfied. If re L, 
then Sr < L, 8, s € L, s; = s.(L), contrary to (8). Hence r ¢ L, q.e.d. 

Definition 7.—A semiprimitive ideal P is the annihilator of the factor module of 
some semimaximal semimodular left ideal L of the given semiring S. 

We set P = P, = {x\xeSandaS < L}. Fromits definition, P isa two-sided 
ideal. 

LemMa 11. Every semiprimitive ideal is closed. 

Proof: Let L bea semimaximal semiprimitive ideal. Let P; be the associated 
semiprimitive ideal. If 2e¢P,;,thenzS < L. If y « P,, then there exist elements 
a:eP,,7 = 1,2suchthat y+ 271+ x. Hence, mz = yz + nzel forzeS. Since 
rz=0O(L), i = 1, 2, then yz =O(L). Hence yzeLandye P,. Thus Py, = Py. 

If S is a ring, then semiprimitivity is the same as primitivity.® 
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TueoreM 8. The semiradical of a semiring is the intersection of the semiprimitive 
ideals. 

Proof: Since the semiradical o(8) of a semiring S is contained in every semimaxi- 
mal semimodular left ideal L, this implies that ¢(S)S < a(S) < L, hence o(S8) < Pr. 

Conversely, we shall show if r ¢ o(S), then there exists a semiprimitive ideal P 
such that r ¢ P. By Lemma 10 (left and right interchanged) we know that 
rS ¢ o(S) and thus there exists an element x of S such rz ¢ a(S). By Theorem 7 
there exists a semimaximal semimodular left ideal Z such that rz ¢ L. This im- 
plies that r ¢ P. 


* Presented to the American Mathematical Society, January 29, 1958. 

1S, Bourne, “The Jacobson Radical of a Semiring,’’ these PRocEEDINGs, 37, 163-170, 1951. 

2 Math. Revs., 18, 188, 1957 (M. Henriksen). 

3.N. Jacobson, Structure of Rings (‘‘American Mathematical Society Colloquium Publications,” 
Vol. 37 [Providence, R. I.: American Mathematical Society, 1956] ), pp. 4, 5. 

*H. Zassenhaus, The Theory of Groups 2d ed.; New York: Chelsea, 1958), pp. 33, 90. 


THE STRONG MINKOWSKI FARKAS-WEYL THEOREM FOR VECTOR 
SPACES OVER ORDERED FIELDS* 


By A. CHARNES AND W. W. Cooper 
NORTHWESTERN TECHNOLOGICAL INSTITUTE AND CARNEGIE INSTITUTE OF TECHNOLOGY 


Communicated by Frederick D. Rossini, July 7, 1958 


1. Introduction. By “the Strong Minkowski-Farkas-Wey] Theorem” (for finite 
dimensional vector spaces) we shall mean the following: 

Strong M-F-W Theorem: “The intersection of a finite number of half spaces, 
when a bounded set, is the convex hull of a finite number of extreme points.’”’ This 
theorem has an immediate corollary, the usual (‘‘weak’’?) Minkowski-Farkas- 
Weyl theorem: !* 

(Weak) M-F-W Theorem: “The intersection of a finite number of half-spaces 
(through the origin) is the cone of all non-negative linear combinations of a finite 
number of vectors.”’ 

Existing proofs of the strong theorem may be divided into two general classes. 
First, there are proofs which employ the “separating hyperplane” (e.g., Blackwell 
and Girshick*) and metrie or topological considerations (e.g., compactness in real 
linear topological space variants) which are not available for vector spaces over 
general ordered fields. Second, proofs have rested on first establishing the weak 
theorem. These, though using ‘‘elementary” methods, involved complicated and 
elaborate arguments (e.g., H. Weyl*) or depended on extensive developments of 
properties of polar cones (e.g., M. Gerstenhaber® and H. Uzawa‘). 

It is the purpose of this note to present a simply motivated constructive proof 
of the strong theorem for finite dimensional vector spaces over general ordered fields 
in which nothing more complicated than the notion of linear independence is 
needed. The weak theorem is presented as a corollary. 

2. Definitions and Lemmas,—-For this purpose consider a vector space, V, of n- 
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tuples from an ordered field, F. A set S ¢ V is “bounded” if and only if there 
exists .V ¢ F such that for every 


= (Ay, As, . . -, Ande S, > |A,| < M. 
j=l 


(Alternatively, —M < >; < M will suffice.) 
Without loss of generality the intersection of (possibly displaced) half-spaces 
may be written in the form 


Ao >> Pir; = Po, i ob. 
ies f 


where the P; are m-component column vectors. It is evident that A is a convex 
set. 

The following two lemmas are now required: 

Lemma 1: \ ¥ @ (the null vector) is an extreme point of A if and only if the 
P,, for j « J, are linearly independent, where J = {j\,; > O}. 

Proof: If the P;, j «J, were linearly dependent, then >> a,P; = @ with some a, 0. 

jeJd 

But then AX = 1/2(A™ + A), where A = (...,A; + daj,...) and A = (..., 
A; — éa;,...) are in A for 0 < 6 < min. \,/ a;, fora; # 0. Suppose P;, 7 « J, are 
linearly independent. If } = 1/2(\°? + A®), then, by non-negativity, A; = 
A; = Oforj¢J. It then follows that A = X® = X, since Py has a unique ex- 
pansion in terms of linearly independent vectors. Q.E.D. 


Lemma 2:8 If A is bounded and }> a,;P; = 6, with some a, ¥ 0, then some a, and 
jeJd 


a, are of opposite sign. 

Proof: Tf all a; have the same sign, then, without loss of generality, a; > 0, je/. 
But then 
h=(...,A, + way, .. Je A for all » > O, contradicting the assumption that A is 
bounded. Q.E.D. 

3. Proof of Theorem.—By use of Lemma 2 we shall be able to exhibit any A € A 
which is not an extreme point—as a strictly convex combination of A, A® € A, 
each of which has at least one fewer positive compoaent than A. The same con- 
struction can next be applied to“? and A®, ete. Thus, in at most 2” steps, points 
\ « Aare reached whose P,, j €.J, are linearly independent. By Lemma | these are 
extreme points of A. Therefore (as may be seep by reversing the steps), the 
original \ is a convex combination of extreme points, of which (by Lemma 1) there 
are at most C™, + 1. 

It suffices, therefore, to carry out only the first construction. Thus 


2 AP; = Py and ; bi a;P; = 6, 


jed jeJd 
where some a, > 0 and some a, < 0, by Lemma 2. Let 


. J . 
Pp, = min. —, Py = min. 
aj>0 Q; aj <0 (A; 


p Pr» 
AY a . 


; eaeeast . sa” 
Pi + Pe Py + Pe 


Pi, Pp» > O and A= 
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where Af = (..., A; — piaj,.. .) € A, A Sl... Ay + Poas,...) € A. Clearly, by 
the definition of p;, p2, both A and A have at least one more zero than does Aj. 

4. Corollary (the Weak M-F-W Theorem).—To obtain the weak theorem, we 
apply the strong theorem to the system 


# (2) (8) 
!), = (— A, > 0, 
ra ‘ a * 


where P,,, = 6. Evidently the non-zero coordinates of all the extreme points are 
linear and homogeneous in M (e.g., by Cramer’s rule). Thus the convex hull of 
these extreme points and @ expands to a cone on a finite number of vectors as M is 
permitted to take on all positive values in F. 

5. Conclusion—The simplicity of the above proof is evident. The relevance 
and importance of the usual (weak) Minkowski-Farkas-Weyl theorem to areas 
such as economics’ and linear programming? is well known. _ It has been extensively 
studied and used in these and other areas as well. The stronger form given here 
permits simplification of proofs in the real field and an immediate extension of 
theorems in linear programming (and their game counterparts), for example, to 
general ordered fields. 


* The research underlying this paper was undertaken in part for ONR Project Nonr 1228 (10) 
at Northwestern University, and in part under a grant of a Ford Foundation research professor- 
ship at Carnegie Institute of Technology. (Reproduction of this manuscript in whole or in part 
is permitted for any purpose of the United States government.) 

1H. Minkowski, Geometrie der Zahlen (Leipzig, 1896). 

2 J. Farkas, ‘““Theorie der einfachen Ungleichungen,” J. F. Reine u. Ang. Mat., 124, 1-27, 1902. 

3H. Weyl, ‘““Elementare Theorie der konvexen Polyeder,’’ Comm. Helvet., 7, 290-306, 1935. 

4D. Blackwell and M. A. Girshick, Theory of Games and Statistical Decisions (New York: 
John Wiley & Sons, 1954), p. 38. 

5M. Gerstenhaber, Activity Analysis of Production and Allocation (New York: John Wiley & 
Sons, 1951, pp. 298-316. 

®H. Uzawa, On the Theory of Convex Polyhedral Cones, Technical Rept. No. 39, ONR. Project 
NR-047-004 (Stanford University, November, 1956). 

7 Due to Charnes, see n. 9, which is based on n. 10, where the result was first given in this form. 

’ This lemma, which has been missing all these years, is the key to our proof. 

® A. Charnes, W. W. Cooper, and A. Henderson, Introduction to Linear Programming (New 
York: John Wiley & Sons, 1953), Part IT. 

10 A. Charnes, ‘Mathematical Background of Linear Programming,’’ U.S. Air Forces Research 
Project, Carnegie Tech., 1950-51. 





SUPPLEMENT TO A PAPER ENTITLED “A VON STERNECK 
ARITHMETICAL FUNCTION AND RESTRICTED PARTITIONS WITH 
RESPECT TO A MODULUS” 


By C. A. Nicou anp H. 8. VANDIVER* 
Iuurnots InstrruTeE oF TEcHNoLoGy, THE UNiversity or TExXaAs 
Communicated July 21, 1958 


In our article entitled “A Von Sterneck Arithmetical Fuaction and Restricted 
Partitions with Respect to a Modulus”’ in these Proceedings, 40, 834, n. 3, 1954, we 
said: “We hope that other mathematicians will check our conclusion that Von 
Sterneck was the first investigator to isolate this number and obtain a few of its 
properties.’”” The number referred to in this footnote is as follows: 


O(k,n) = Bs ma m ( - ), (1) 
o(n/(k,n)) (k, n) 
where ¢(h) is the Euler indicator of / and u(h) is the Mébius number for h. Also, 
(k, n) is the greatest common divisor of k and n; k and n are integers with k > 0, 
n > O and where (0,n) = n. 

At a mathematical meeting in Pasadena, California, in June, 1955, L. Schoenfeld 
and T. M. Apostol kindly called our attention to the fact that Dedekind, in his 
fourth edition of Dirichlet’s Vorlesungen tiber Zahlentheorie (1894), page 369, foot- 
note, observed: 

. . ist m = m’P eine beliebige positive ganze Zahl, P das Product aus allen von einander 
verschiedenen in m aufgehenden Primzahlen, und S; die Summe der kten Potenzen aller 
primitiven Wurzeln der Gleichung x” = 1, so ist S,; = 0, so oft k nicht durch m’ theilbar ist; 
ist aber k = m’K, ferner Q der grésste gemeinschaftliche Divisor von K und P = QR, und r 
die Anzahl der in R aufgehenden Primzahlen, so ist 

S; = (—1)' m'9(Q). 

It is easy to see from this last relation that S,= ®(4,n). To agree with the nota- 
tion in our quoted article, we write 

C,(k) = > a> a = er’, (2) 

(rn) =1 

Von Sterneck! employed (1) without any reference to (2). He defined (1) com- 
pletely but without using the Mébius function explicitly. He found some proper- 
ties of (1) and used it in investigating the number of different ways an integer s may 
be expressed as the sum of ¢ integers, if each of the summands involved is reduce 
to its least residue modulo m > 1 and when no attention is paid to the order of the 
summands.? 

The sums on the right of relation (2) gre called “‘Ramanujan sums,” since they 
were considered in the year 1920 by Ramanujan. It is clear from the above that 
the sums have been misnamed since that time, but, because considerable literature 
has grown up concerning the sums, in which they are named after Ramanujan, it 
seems too late to attempt to change the name. 

In 1936 Hélder proved 


’ 


C,(h) = &(k, n) (3) 


explicitly and proved a number of related analytic results. 


917 
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We shall now consider giving names to (1) and (3). Of course, we could call (1) 
the Dedekind number, but he merely stated its connection with (2). The first to 
offer a proof appears to have been Holder, and we think it appropriate to call (3) the 
“Dedekind-Hélder theorem.” As to naming the (k, n) number itself, we think it 
appropriate to call it the ‘‘Dedekind—Von Sterneck number,” as Von Sterneck dis- 
covered it in connection with something other than the Ramanujan sums and then 
obtained quite a number of properties of it, when you consider all the formulas he 
found involving it and partitions, modulo m. We may point out that if the reader 
is disposed to call the relation (3) the ‘Dedekind theorem” or (1) the “Dedekind 
number,” this may cause some confusion, as the latter’s name has been connected 
with quite a number of concepts and results in algebra and number theory. 


* The work of this author in preparing this note was done under National Science Foundation 
Basic Research Grant G3697. 

1 Siteber. Akad. Wiss. Wien, math.-naturw. Klasse, 111 (abt. Ila), 1567-1601, 1902; cf. also 
Bachmann, Niedere Zahlentheorie (Leipzig: B. G. Teubner, 1909), 2, 230-232. 

? When the order of the terms is taken into account in this problem, the authors found an ex- 
pression also involving the @ numbers (op. cit., p. 833, relation [27]). This was generalized by 
Eckford Cohen, “An Extension of Ramanujan’s Sum, II. Additive Properties,’’ Duke Math. J., 
22, 543-550, 1955, and “Some Totient Functions,”’ ibid., 24, 515-522, 1956. 


ON THE NATURE OF THE SELECTIVE EFFECTS OF 
DEOXYRIBONUCLEIC ACID DIGESTS UPON PNEUMOCOCCI 
OF DIFFERENT VIRULENCE* 


By WILLIAM FIRSHEINT AND WERNER BRAUN 
INSTITUTE OF MICROBIOLOGY, RUTGERS, THE STATE UNIVERSITY, NEW BRUNSWICK, NEW JERSEY 
Communicated by Selman A. Waksman, July 3, 1958 


A previous communication! described the ability of enzymatic digests of DNA 
(derived from either bacterial or mammalian sources) to promote bacterial popu- 
lation changes in vitro, resulting in the establishment of virulent, smooth (S) 
mutant cells in initially avirulent, non-smooth (R or M) populations. Such 
changes are ordinarily rare in vitro but are typical of the direction of changes known 
to occur in populations of pathogenic bacterial species in vivo, i.e., in susceptible 
hosts. It was shown that the addition of 150 ug DNA + 33ug DNAase/ml of 
growth medium (buffered beef-extract broth or brain heart-infusion broth, re- 
spectively) promoted rapid R — 8 population changes in either Brucella abortus or 
Diplococcus pneumoniae cultures. It has been established” * that in the case of 
Brucelia these selective effects are due to the capability of 8 cells (but not of non- 
5 cells) to convert a DNA breakdown product of relatively large molecular size‘ 
into a toxic material for non-S cells. In contrast to such selection via selective 
inhibition, the mechanism responsible for R > 8 population changes of pneumococci 
in the presence of DNA + DNAase (DD) now has been found to involve a selective 
stimulation of the growth of S cells, without any effects on R cells. 

Since spontaneous mutation rates from R to 8 are exceedingly low in most R 
strains of pneumococci, inocula for in vitro cultures were prepared by mixing 
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approximately | x 10° R cells with 1 X 10* related 8 cells (usually of Type I). 
The use of such mixed inocula assured the early presence of S-type cells, which, 
during subsequent population growth, outgrew the R-type cells in an environment 
containing DD. Although many of the 8S and R strains used had been maintained 
separately as stock cultures for several years, the validity of using such artificial 
mixtures was confirmed by subsequent tests with an R strain displaying high 
mutation rates to 8. In all instances, particularly under the influence of DD or 
related conditions, population changes obtained with the latter strain were identical 
with those observed in cultures inoculated with the artificial R + S mixtures. 

R — 8 population changes in the presence of DD in initially predominantly R 
populations of pneumococci were found to be dependent upon Mn** levels, an 
effect that has not been observed in Brucella populations. Depending upon the 
strain and batch of medium employed, the required Mn** level, replaceable by 
supplementation of Mn-deficient media with a purine-pyrimidine mixture, varied 
between 18 and 72 ug/ml. With some strains (Type III, VII, XIV), high con- 
centrations (40 ug/ml) of Mn** alone sufficed to promote enhanced R — 8 popu- 
lation changes. The effects of both DD and Mn** upon R — 8S population changes 
were found attributable to a selective stimulation of the rate and extent of growth 
of 8 cells without concurrent effects upon the growth of non-S cells (Fig. 1). 

The ability of DNA digests to stimulate the growth of 5 cells suggested a possible 
involvement of altered DNA metabolism. This idea received additional support 
from the finding that supplementation of DD-containing cultures with deoxy- 
nucleosides (DNS) or deoxynucleotides (DONT) produced a significant inerease in 
selective effects, even though the latter substances and purine or pyrimidine mix- 
tures failed to affect population changes in the absence of DD. As shown in Figure 
2, combinations of DD and DNS (mixture of all four deoxynucleosides) or DD and 
DNT (mixture of all four deoxynucleotides) produced an enhancement of R ~ 8 
population changes (and growth of 8 cells, as shown in Fig. 1) above those occur- 
ring in DD-supplemented cultures; note that the Mn** level in these cultures had 
deliberately been kept low to reduce the effectiveness of the basic DD supplemen- 
tation, thus increasing the ease of detection of the effects of other supplementa- 
tions. The enhancement produced by either 1,600 ug. of the DNS or the DNT 
mixture was surpassed by that occurring in the presence of DD + a combination 
containing 800 ug. of each mixture (DD + DNS + DNT). So far, the optimum 
effects upon selection and enhanced growth of 8 cells have been obtained when 
cultures were supplemented with DD + DNS + DNT + a mixture of nucleoside- 
diphosphates (NDP = RNA precursors). It is noteworthy that the diphosphates 
produced their enhancing effects only in the presence of DD + DNS + DNT. 
Also, the omission of any one of the deoxynucleosides from the DNS mixture in 
DD-supplemented cultures significantly reduced or abolished the DNS effect, 
suggesting a requirement for all four bases in this phenomenon. [t must be re- 
iterated that no selective effects were detectable in any cultures free of DD; how- 
ever, it was established that, in the presence of DNS + DNT + NDP. the re- 
quirements for DNAase disappeared and an activation of the enhancing system 
was achievable by supplementation with polymerized DNA(from any source) 
alone. 

These observations with growing cells were, in certain respects, reminiscent of 
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Fic. 1.—Viable counts of S and R pneumococci (Type I) in BHI-blood broth in 
the presence and absence of various nucleic acid breakdown products. Amount of 


supplementations (ug/ml): DNA = 150; DNase = 33; DNS mixture = 800 (200 
i DNT mix- 


each of deoxyadenosine, deoxyguanosine, deoxycytidine, thymidine); 
ture = 800 (200 each of the phosphorylated DNS’s named above); NDP mixture = 
100 (25 each of the diphosphates of adenosine, guanosine, cytidine, and uridine); 


Mn = 55. 


Kornberg’s observations on DNA synthesis in cell-free systems which also re- 
quired mixtures of all four deoxynucleosides (as triphosphates) and the presence of 
polymerized DNA. To test these relationships further, studies were initiated with 
resting S or R pneumococcal cells, maintained in phosphate buffer (pH 7.5)— 
1 per cent casein hydrolysate—0.1 per cent glucose, in the presence and absence 
of the type of supplements listed in Figure 2. After various periods of time, 
either (1) the resting-cell cultures were precipitated with cold TCA, and the level 
of acid-insoluble deoxypentose was determined by colorimetric analysis® of the hot 
TCA extract,’ or (2) they were analyzed according to the technique of Schmidt and 
Thannhauser.* With both procedures, as much as 100 per cent increase in acid- 
insoluble deoxypentose per 8 cell was observed after 30 minutes in DD + DNS + 
DNT + NDP. In the presence of DD alone, this increase was less (approximately 
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Fic. 2.—The effects of various nucleic acid breakdown products upon population changes in 
BHI-blood broth cultures inoculated with 99.9 per cent S + 0.01 per cent R pneumococci (Type 
I). The supplementations are similar to those listed for Fig. 1, except that when the ““DNT mix- 
ture” or “DNS mixture’ were used separately with DD, their concentration was raised to 1600 
ug/ml. 


60 per cent above controls). R cells did not show any comparable increases. 
Preliminary evidence suggests that the described increases involve net DNA syn- 
thesis rather than mere intracellular incorporation of nucleic acid breakdown 
products from extracellular sources or their physical co-precipitation onto the cell 
surface. This is suggested by the finding that the described increases in cellular 
deoxypentose are not directly proportional to the concentration of extracellular 
DNA employed but, in the manner of a threshold effect, are dependent upon a 
minimum concentration (approximately 70 ug/ml) of added DNA. Studies em- 
ploying radioactively labeled DNA and DNA intermediates will be required to 
elucidate further the biochemical details of the just described observations. As 
in the case of growing populations, all the results of studies with resting cells were 
identical, regardless of whether the DNA employed had been obtained from bacteria 
or calf thymus. 

Finally, the demonstration that the effects of DD upon pneumococci are attrib- 
utable to the selective stimulation of the growth of virulent (S)-type cells provided 
an adequate explanation for the previously described! virulence-enhancing effects 
of DD, which had been detected following administration of DD to mice infected 
with pneumococci. It had been shown that subcutaneous administration of 
450 ug. DNA + 100 ug. DNAase per mouse, either 24 hours prior to or simultane- 
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ously with the intraperitoneal injection of 1 LDso of 8 (‘Type 1) pneumococci, re- 
sulted in 100 per cent mortality within 48-60 hours. Sampling of the number of 
viable pneumococci in peritoneal washings after various periods of time has now 
revealed a striking enhancement of in vivo growth rates under the influence of 
DD (Fig. 3). It is likely that the effects of Mn++ upon pneumococcal infections 
previously described by others’ may be caused in a similar manner, since Mn** 
now has been shown to be of critical significance in the type of in vitro and in vivo 
effects mediated by DD. 
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HOURS AFTER INOCULATION 


Fic. 3.—Graphiec representation of the effect of DNA + DNase upon the intraperitoneal 
growth of smooth (SVI = Type I) pneumococci in mice. The fluid for the assessment of i.p. 
growth was obtained by injecting 2 ml. of 0.85 per cent saline into the peritoneal cavity and subse- 
quent removal of the washings, with the aid of a capillary pipette, to heparinized tubes. 
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Among the in vitro antagonists against DD effects so far detected are high Ca** 
concentrations (20 ug/ml), kinetin riboside,’ and antisera against DNA." Pre- 
liminary tests have indicated that DD + DNS + DNT + NDP also stimulate 
the growth of recently isolated virulent strains of Streptococcus hemolyticus, Staph- 
ylococcus aureus, Klebsiella pneumoniae, and of lymphosarcoma cells in the 
ascitic form in mice.'? In addition to the previously described effects of DD, or 
kinetin, on R > S population changes of Brucella, Pneumococcus, and Salmonella,' 
such effects now have been detected with staphylococci, with Shigella,'® and with 
Clostridium botulinum.'* These observations would suggest that the selective 
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effects of DD and of kinetin, operating either by selective inhibition or by selective 
stimulation of the growth of specific cell types, presumably in conjunction with an 
alteration of the rate of DNA synthesis, may be a fairly generalized phenomenon. 
It is also possible to speculate that kinetin, which is active in these systems in 
extremely low concentrations (0.001-—0.1 ug/ml), may represent a co-factor in 
DNA synthesis and that the recently observed capability of kinetin and DNA 
digests to restore radiation damage to antibody formation in rabbits” represents an 
additional example of the type of cellular response reported here for bacterial cells. 

Summary.—As in several other bacterial species, population changes of Diplo- 
coccus pneumoniae, involving the establishment of S (virulent) cells in initially 
R (avirulent) populations, are enhanced in the presence of DNA + DNase. These 
effects are independent of the source of DNA and have been shown to be due to a 
selective stimulation of the in vitro and in vivo growth of 8 cells. This, in turn, 
appears to be associated with increased rates of DNA synthesis. Non-S cells do 
not show such responses. In the presence of DNA digests but not in their absence, 
the selective effects on S cells are further enhanced by the addition of deoxynucleo- 
sides, deoxynucleotides, and, under proper conditions, nucleoside-diphosphates. 

* These studies were aided by USPHS grant E-1137 and NSF grant G-2184. 
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EFFECTS OF REDUCED OXYGEN TENSION ON GROWTH 
RESPONSES OF METHIONINE AND VITAMIN By 
STIMULATED MUTANTS OF COLIFORM BACTERIA* 


By Luioyp 8. LocKINGENT 


DIVISION OF BIOLOGICAL AND MEDICAL RESEARCH, ARGONNE NATIONAL LABORATORY, LEMONT, 
ILLINOIS 


Communicated by Theophilus S. Painter, July 17, 1958 


INTRODUCTION 


Since the isolation of the first group of Escherichia coli strain W mutants! re- 
sponding to methionine or vitamin By», many investigations have been conducted 
using one of these, W:113-3. Some of these experiments have led to contradictory 
results. Johansson? found that neither methionine nor vitamin B, supported 
growth of this mutant in a hydrogen—carbon dioxide atmosphere and concluded 
that oxygen was required for growth of this mutant. On the contrary, Dubnoff,* 
using a nitrogen—carbon dioxide atmosphere, found not only that methionine did 
support anaerobic growth of the mutant but also that growth occurred in this 
atmosphere with homocysteine, homocysteine thiolactone, and reduced glutathione. 
Since homocystine was not active, it was concluded that one function of By was 
the maintenance of homocysteine in the sulfhydryl form. This hypothesis has 
been disputed by Lascelles and Cross,‘ who described experiments with cell sus- 
pensions in which By. was required both aerobically and anaerobically for methionine 
synthesis from homocysteine. 

Mohlo and Mohlo-Lacroix reported that W:113-3 could utilize the sulfoxide, 
sulfone, and sulfoximine of methionine for growth under certain conditions.6 Us- 
ing somewhat different conditions, it has been shown that the sulfone and sul- 
foximine of methionine do not replace methionine for growth of W:113-3 and of 
methionine-stimulated mutants of FE. coli B; it was shown that both the sulfone 
and the sulfoximine of methionine were inhibitors of growth for both parent strains 
Band W.° In additional tests conducted at this laboratory using the medium and 
methods described,’ no significant growth of W:113-3 or the B strain mutants 
resulted when methionine sulfone or sulfoximine was substituted for methionine. 

During these experiments, which were all conducted with unshaken cultures, 
the unexpected observation was made that cultures of all methionine-requiring 
mutants growing with methionine sulfoxide invariably attained the stationary 
state before those growing on methionine, suggesting that faster growth rates were 
the result of substituting methionine sulfoxide for methionine in these unshaken 
cultures. This surprising observation, combined with the apparent inconsistency 
in the results of earlier anaerobic experiments with W:113-3, * indicated that a 
more detailed examination of the effect of anaerobiosis on growth responses of 
methionine and vitamin Bj. mutants was needed. The purpose of this communi- 
cation is to present the results of these nutritional experiments that led to the 
conclusion that there is a defined condition under which methionine metabolism 
is uniquely oxygen-dependent. 


924 
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MATERIALS AND METHODS 


’ 


Escherichia coli strains B and W were employed as wild types. The strain B 
mutants have been previously described. Cultures of the strain W mutant, 
W:113-3, were obtained from Drs. B. D. Davis and 8. K. Shapiro. Aerobacter 
aerogenes mutants No. 56 (Aa:56) and Am-l (Aa:Am-1) and Salmonella typhi- 
murium mutant St:1 were obtained from Dr. 8. K. Shapiro. The EF. coli (Texas) 
mutant, T:me-, was obtained from Dr. W. Shive. All stocks were maintained on 
1.8 per cent agar slants, using the complete medium described below. 

The minimal medium of Davis and Mingioli! was supplemented with 0.05 per 
cent NaCl and concentrated such that addition of supplements resulted in uniform 
concentrations of all components. All supplements were sterilized by filtration 
through membrane filters. Glucose and the salts mixture were sterilized sepa- 
rately by autoclaving and mixed after cooling. A complete medium using this mini- 
mal medium fortified with 0.2 per cent yeast extract (Difco) and 0.2 per cent pep- 
tone (Merck) was used for preparing inoculum cultures. 

All supplements were commercial products except s-adenosyl-L-methionine 
(AM), the sulfur isomers of L-methionine sulfoxide,’ and s-methyl methionine, 
which were gifts from Drs. F. Schlenk, T. F. Lavine, and W. Shive, respectively. 
Commercially prepared gas mixtures were used throughout and were tested for 
gross oxygen contamination by passage through pyrogallol. 

Inoculum cultures were grown without shaking or aeration, centrifuged, washed 
in minimal medium, re-centrifuged, and suspended in minimal medium. A final 
dilution of 1:10,000 was used as inoculum. 

An assembly for continuous gasing was made by welding a 2-inch length of 
6-mm. thin-walled Pyrex tubing (for the filter) to an 8-inch section of 6-mm. (OD) 
Pyrex capillary tubing, which in turn was welded to the bottom of a 175 K 22-mm. 
test tube. This unit was then bent parallel with the tube. Loose-fitting alumi- 
num caps covered the tubes, and cotton was used for filtration. The use of such 
a system has the advantage of maintaining a relatively constant gaseous environ- 
ment but has the disadvantage common to most anaerobic systems of not insuring 
the absolute exclusion of oxygen. The term ‘“‘anaerobic’’ is used with the under- 
standing that zero oxygen tension was probably never achieved. 

Test cultures were incubated in these tubes in 20-ml. volumes with continuous 
gasing at temperatures between 36° and 37° C. Compressed air was used for 


“c 


aerobic conditions. 

Several tests were made, using small test tubes in desiccators. Reduced oxygen 
tension was attained either by repeated alternate partial evacuation and refilling 
with the gas mixture used or by continuous gasing of the entire desiccator. In 
either case 500 ml. of pyrogallol was placed in the bottom of the desiccator. 

Growth was measured with a Klett-Summerson photoelectric colorimeter using 
a 515-my filter and uninoculated medium for the blank. 


RESULTS AND DISCUSSION 

Growth Experiments.—The data in Table 1 were taken from a general screening 
experiment using a sealed desiccator. All the mutants employed in this experiment 
except B:11-40 give rapid, reproducible growth with L-methionine under aerobic 
conditions. The general failure of methionine to satisfy the nutritional require- 
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TABLE 1* 
GROWTH RESPONSES OF MuTANTS INCUBATED WITH REDUCED OXYGEN SUPPLY 


AppiTions TO MinimaL MepiuM 
ORGANISM pui-Methionine ae 
TESTED None Sulfoxide L-Methionine CoMPLETE 


0 70 169 

0 63 162 

0 160 172 

0 181 

0 182 

0 174 

0 172 

0 181 

0 166 

0 184 

0 157 

0 184 

0 177 

0 177 

0 149 

0 155 

0 148 162 

:2¢ 0 52 167 
B:408 0 126 176 
W (wild type) 169 157 212 
W :113-3 0 163 210 

* Cultures were incubated in a sealed desiccator. The oxygen level was reduced by repeated partial evacuation 


followed by filling with 95 per cent Nz + 5 per cent CO:. he desiccator contained 500 ml. pyrogallol, which was 
mixed after sealing. .t-methionine and pi-methionine sulfoxide were used at concentrations of 0.1 » moles/ml. 


Som asIwHO 101 


— 
HAWAH 


_ 
ba | 
Cwrlow 


ments of these mutants anaerobically is contrasted with their responses to com- 
mercially available pL-methionine sulfoxide (i-MSO). 
The data in Table 2 were taken from experiments designed to test the disputed‘ 


TABLE 2* 
ANAEROBIC GRowTH RESPONSES OF METHIONINE MUTANTS 


——_—_—_—_4#— Mutants Testep— 
ADDITIONS CONCENTRATIONST Aa:56 St:1 B:11 B:17 
None = 0 , 0 0 
L-Methionine 1 l 11 
pL-Homocysteine 161 : 1 0 
; 171 6 2 
pt-Homocystine 134 5 1 0 
‘ 152 j 3 7 
Gluthathione (reduced ) : 0 d 0 0 
Glycyl-pL-methionine 178 5 152 160 
Vitamin B,. 1 myg/ml 0 35 113 
i-MSO 0.1 193 7 182 192 


Aerobic L-methionine con- 
trols 0.1 295 ; jee 320 a, 220 


* Cultures were gassed continuously with 98 per cent N2 + 2 per cent CO:, which was bubbled through pyrogallol. 
+ Micromoles per milliliter except vitamin Bi. 


hypothesis* that one function of vitamin By is the maintenance of homocysteine 
in its reduced form. It is evident that vitamin By mutants (St:1 and B:11) do 
not respond to homocysteine, indicating that the data do not support the hypoth- 
esis with these mutants. Homocysteine and homocystine are both active for 
mutants Aa:56, B:12, and B:16 (both aerobically and anaerobically), but at higher 
concentrations the reduced form is inhibitory for the strain B mutants. Gluta- 
thione (reduced) has no growth-promoting activity, and, unless one specific result 
of the altered metabolic pattern due to mutation involved the synthesis or reduction 
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of glutathione, no response should be expected, since the wild type (strain B) ac- 
cumulates “25 mg. of glutathione per gram of cells (80 4M), accounting for 20 per 
cent of the carbon and 95 per cent of the sulfur” of the cold trichloracetic acid 
fraction of such cells.® 

Vitamin By» is fully active under these conditions, as is 7-MSO, whereas L-meth- 
ionine is inactive for all mutants regardless of the strain of origin or the kind of 
mutation involved. The response of B:17 to vitamin By: requires further study. 
This mutant produced no detectable growth in aerobic tests but did demonstrate 
some stimulation of phage production when starved infected cells were supple- 
mented with the vitamin.* Under reduced oxygen tension this mutant demon- 
strates an erratic stimulation by the vitamin which is not due to back-mutation. 

The growth-response pattern ofj: double mutant B: 11-40 (Table 3) demonstrates 


TABLE 3* 
Grow TH Responses OF Mutant B: 11-40 
Additions Concentration Anaerobic Aerobic 
None 1 mug/ml 0 0 
Vitamin By,» 0.1 157 0 
L-Methionine 0 0 0 
L,1-MSO 0 161 0 
L,d-MSO 0 161 0 
i-MSO 0 159 0 
Glyeyl-pi-methionine 0 149 0 
pL-alanyl-pi-methionine 0 118 0 
s-adenosy]-L-methionine 0 23 0 
Acetyl-pi-methionine 0 151 0 


200 226 
0 0 


Yeast extract 0 
pL-Homocystine 0 


l 
1 
l 
1 
l 
I 
I 
l 
Casamino acids 0.2% 190 2 
2% 
1 


* Cultures were gassed continuously with 95 per cent Ne + 5 per cent COs. Supplement concentrations as given 
in Table 2. 


the sharp contrast between free L-methionine, methionine sulfoxide, the methionine 
peptides, and acetyl-methionine. B:11-40 differs from its parent in that it has an 
aerobic nutritional deficiency which B:11 does not demonstrate. Anaerobically, 
B:11 and B:11-40 have qualitatively similar nutritional requirements. 

The data summarized in Table 4 are typical of the experiments in which the 
effectiveness of s-adenosyl-L-methionine was tested. This compound is not stable 
at incubation temperatures, but the effects of non-enzymatic breakdown can be 


TABLE 4* 
COMPARATIVE RESPONSES TO S-ADENOSYL-L-M ETHIONINE 


Mutant number B:12 - Aa:56 Aa:Am-1 
Aero- 
Growth condition Anaerobic bie Anaerobic Aerobic Anaerobic Aerobic 
Experiment number 517 517 517 522 517 §22 516 606 516 36606 
Additions: 
None 0 0 0 0 0 0 0 0 0 0 
L-Methionine 2 282 1 1 280 274 0 0 
L,1-MSO 164 266 150 155 274 290 0 0 
Glycyl-pi-methionine 166 175 145 148 165 = 170 0 0 
s-Methy! methionine 0 0 0 0 0 0 0 0 
s-Adenosyl-L-methionine 22 27 22 11 325 325 130 158 276 280 
pt-Homocystine 128 298 85 100 236 284 0 0 
Vitamin By. 0 0 0 0 0 0 0 0 
* s-Adenosyl-L-methionine used at a concentration of 0.2 4 mole/ ml. vitamin Bi: at 1 mug/ml, and other supple- 


ments at 0.1 wmole/ml. 95 per cent No + 5 per cent COs was used in experiments 516, 517, and 522; 99.5 per cent 
helium + 0.5 per cent CO: was used in experiment 606, 
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resolved by testing several mutants with the same preparation at the same time. 
The aerobic experiments reported here with Aa:56 and Aa:Am-l are in general 
agreement with prior reports’: except for the degree of stimulation of homo- 
cystine for Aa:56. Mutant B:12 was used to obtain a comparison between re- 
sponses to s-adenosyl-L-methionine, since it does not respond either aerobically or 
anaerobically, whereas Aa:56 uses the compound aerobically but not anaerobically. 
It may be important that both Aa:56 and its parent strain possess a transmethy- 
lase which produces 2 moles of methionine from 1 mole each of homocysteine and 
s-methyl methionine,? whereas both the B and W strains show no responses to 
s-methyl methionine when tested by several different methods.® * '! Aa:Am-l 
metabolizes AM both aerobically and anaerobically but is unable to utilize me- 
thionine either way. 

Table 5 contains the growth-response data for FE. coli (Texas) T:me-, which is 
in agreement with that of MecCrorie et al.'' with respect to aerobic responses to 
s-methyl methionine. This is the only mutant tested which responds as though 
it required only a methyl donor, the sulfonium compound being more effective in 


TABLE 5* 
NUTRITIONAL REQUIREMENTS OF E. coli (Texas) T:me- 


Additions Concentration ——Anaerobice—— ———Aerobie— 
None : 192 189 0 
L-Methionine 0.1 174 174 345 
Vitamin B,. 1 mug/ml 176 177 0 
L,1-MSO 0.1 173 171 335 
L,d-MSO 0.1 177 174 305 
Glycyl-pi-methionine 0.1 168 175 310 
pt-Homocystine 0.1 179 178 0 
pL-Alanyl-pi-methionine 0.1 177 167 47 
s-Adenosy]l-L-methionine 0.2 182 184 58 
s-methy! methionine (iodide ) 0.1 174 175 355 
* Concentrations of supplements as given in previous tables. Cultures were gased with 95 per cent N2 + 5 per 


cent CO: The two sets of data given are from paired tubes in one experiment. One of the anaerobic cultures 
grown in minimal medium was used as an inoculum culture in a negative test for back-mutation. 


reversing sulfonamide inhibition than methionine in the parent strain.'! Of the 
mutants with blocks in methionine metabolism, this is the only one that grows 
anaerobically without nutritional supplementation—it behaves as though it were 
oxygen-inhibited. 

Sulfonamide Inhibition.—Using the technique of competitive inhibition in which 
the ratio of sulfonamide to added para-aminobenzoic acid defines an inhibition 
index, Shive!? first showed that ‘‘erythrotin”’ (vitamin B,».) increased the inhibition 
index when methionine, xanthine, serine, and folic acid were successively made 
growth-rate—limiting. Alimchandani and Sreenivasan'* showed that methionine 
failed to reverse sulfanilamide inhibition in W:113-3 (presumably aerobically) 
under conditions in which vitamin By. produced essentially complete reversal. No 
comparable study was made with the wild W strain. 

Tables 6 and 7 summarize typical data obtained from several sulfanilamide 
inhibition experiments. The purpose of these experiments were to compare the 
results obtained with W:113-3'* to those obtained with B:11, to check the effect, 
if any, of reduced oxygen tension, and to test the activity of methionine sulfoxide. 
The results may be summarized as follows: 
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TABLE 6* 
SULFANILAMIDE INHIBITION OF GROWTH OF E. coli STRAIN B. 


Sulfanilamide L-Methionine i-MSO Vitamin Bu 
Concentration Minimal (0.1 » mole/ml) (0.13 « mole/ml) (1 myg/ml) 


0 188 179 180 182 

30 155 166 165 124 

a 17 110 167 29 
Anaerobic 8 <7 166 12 
2 8 150 3 

0 45 2 

278 300 305 280 

— es : 42 288 282 43 
Aerobic 5 225 262 4 
1 18 153 2 


* Anaerobic cultures incubated with 95 per cent N2 + 5 per cent CO: continuous gasing. 
TABLE 7* 
COMPARATIVE SULFANILAMIDE INHIBITION IN E. coli STRAIN B AND B: 11 


Srrain B - Metant B:11——— 
ADDITIONS No Inhibitor Inhibitor No Inhibitor Inhibitor 


Anaerobic: 
None 157 0 0 0 


L-Methionine 145 10 0 0 
L,1-MSO 150 141 145 100 


Vitamin By» 151 3 147 139 
t-Methionine + vitamin B)» 142 12 141 124 


Aerobic: 
None 284 8 0 0 
L-methionine 236 206 0 
L,1-MSO 242 232 226 194 
Vitamin B,. 236 2 264 216 
L-methionine + vitamin By 238 147 258 244 


* 60 ug/ml sulfanilamide aed as inhibitor. t-Methionine and L,1-MSO used at a concentration of 0.1 umole ml 
Vitamin Bi: concentration was | mug/ml. Cultures were continuously gassed with 95 per cent Nz + 5 per cen 

de. 

1. Methionine sulfoxide is more efficient than methionine in antagonizing 
sulfanilamide inhibition of growth of strain B. 

2. Reduced oxygen tension reduces the antagonistic capacity of methionine, 
but not of methionine sulfoxide, for strain B. 

3. L,1-MSO stimulates 70-80 per cent growth of the mutant in the presence of 
the inhibitor, but methionine is not effective either aerobically or anaerobically. 

4. By promotes growth of the mutant in the presence of sulfanilamide both 
aerobically and anaerobically, whereas L-methionine does not. Of possibly more 
importance is the fact that By, does not affect sulfanilamide inhibition of the wild 
type under the same conditions. 

These results are in agreement as regards the aerobic responses to By and methi- 
onine reported for W:113-3.'* They do not conflict with the observations of wild- 
type responses to By, since the prior work was done with F. coli (Texas), and a 
strict competitive inhibition study was done at each inhibited step in para-amino- 
benzoic acid metabolism. The mutant responses tend to confirm the conclusions 
reported for FE. coli (Texas),'? but analytical sulfanilamide inhibition studies of all 
three wild types and W: 113-3, B:11, and St: 1 are clearly desirable. 

In addition to the experiments for which data have been tabulated, a number of 
experiments have been completed with essentially negative results. Autoclaved 
casamino acids (Difco acid hydrolyzed casein, control 426529) at a concentration 
of 0.2 per cent supplied all the nutrients required for the anaerobic growth of all 
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mutants that have anaerobic nutritional requirements satisfied by methionine 
sulfoxide. Various combinations of natural amino acids and putrescine, spermine, 
spermidine, and diaminopimelic acid have been tested with L-methionine anaero- 
bically without success, although it is entirely possible that some such combination 
might be utilized for growth. Particular attention was given to testing L-methio- 
nine with all combinations of purines and pyrimidines (except hydroxymethyl- 
cytosine), including deoxyribosides at physiologically active concentrations, but 
none of these combinations produced significant stimulation. Several combinations 
of pure vitamins. including para-aminobenzoic acid, folic acid, pyridoxal, pan- 
tothenic acid, and lipoic acid were tested with and without methionine but were 
inactive. Moreover, a-aminobutyrate, y-aminobutyrate, homoserine, a-ketoglu- 
tarate, acetate, succinate, formate, and nitrate were all inactive anaerobically as 
additions to methionine-supplemented minimal medium. 

Fifty-one mutants with undefined blocks in the utilization of fourteen other 
amino acids or combinations of amino acids were tested. All grew anaerobically 
with the amino acid(s) used aerobically. However, three cases were found in which 
the aerobic nutritional requirement was eliminated by anaerobic conditions. '4 

Of the amino acids tested, only methionine fails to satisfy the anaerobic 
nutritional requirements of mutants having an aerobically demonstrable block in 
amino acid metabolism. T:me- has no anaerobic nutritional requirement and 
therefore does not constitute an exception. 

The only other compound tested for which oxygen dependence could be demon- 
strated with the mutants was s-adenosyl-L-methionine. One Aerobacter mutant, 
Aa:56, grew aerobically with either methionine or AM, whereas both these com- 
pounds were inactive anaerobically. In contrast to this is Aa: AM-1, which did 
not utilize methionine aerobically and did not show oxygen dependence in s-adeno- 
syl-L-methionine utilization. It is apparent that these two mutants are quite 
different from each other and that the oxygen effect is demonstrable only in the 
mutant showing a methionine requirement. This minimizes permeability as a 
factor and suggests that Aa:56 cannot obtain methionine anaerobically in a bio- 
logically useful form from s-adenosyl-L-methionine. 

The vitamin By-stimulated mutant of £. coli B (B:11) was shown previously to 
respond qualitatively in the same way® as W:113-3.' In the present study it was 
found that St:1 is also similar to these By. mutants. The experiments reported 
here confirm Johansson’s observations that W:113-3 does not respond to methi- 
onine anaerobically,’ but, since none of the twenty-seven mutants tested could 
attain expected growth with methionine in the absence of oxygen, the phenomenon 
is a general one. 

Johansson? reported that W:113-3 did not grow anaerobically with vitamin By. 
In the present studies vitamin By. supported anaerobic growth in all three By»: 
mutants. The difference in results might be due to the gases used. In the former 
experiments hydrogen was employed, whereas in the experiments reported here 
nitrogen and helium were used. Since hydrogen and carbon dioxide are products 
of anaerobic metabolism of most coliforms” and hydrogen uptake has been demon- 
strated in methionine sulfoxide reduction,'® it seems quite possible that hydrogen 
could be inhibitory for the By. mutants. 

The unique failure of methionine to support anaerobic growth of these methio- 
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nine-requiring mutants raises a number of questions not only as to the mechanism 
involved but also as to the possibility that a similar condition might exist in plant 
and animal metabolism. While the evidence may not be very conclusive, there is 
an indication that such systems do exist and that the biological significance of 
methionine sulfoxide may have been underestimated. 

Two reports were found in which an aerobic methionine-stimulated biological 
system showed no stimulation anaerobically but did respond to methionine sul- 
foxide anaerobically. The experiments involved the methylation of guanidoacetic 
acid by guinea-pig muscle ‘‘brei” and wheat seedlings. Methionine sulfoxide was 
reported to stimulate creatine synthesis both aerobically and anaerobically, 
whereas methionine stimulation showed on oxygen dependence. 

Unfortunately, studies with purified enzyme systems in methionine activation 
offer no clues as to the basis for this phenomenon. An enzyme from liver which 
forms s-adenosyl-L-methionine from L-methionine and adenosine triphosphate 
anaerobically’ is not inhibited by methionine sulfoxide, nor is the compound used 
as a substrate.'? A methionine-specific enzyme from yeast which forms methionine 
acyl-adenylate from L-methionine and adenosine triphosphate does not react with 
methionine sulfoxide,” but certain yeasts do possess enzymes which demonstrate 
stereospecificity in the reduction of the isomers of methionine sulfoxide.*! 

The identification of methionine sulfoxide in cerebrospinal fluids of patients 
with neurological diseases®? and hepatic cirrhosis** has been reported, but quanti- 
tative data and rigorous proof of the existence of methionine sulfoxide in vivo are 
not available. Methionine sulfoxide has been suggested as an intermediate in 
methylation of guanidoacetic acid," but it has been shown that the compound is 


4 


not a substrate for the methionine-activating enzyme.'’ In contrast to the nega- 


2 


tive results with purified methionine-activating enzymes!®: *° are the data reported 
here, showing that there are conditions under which methionine sulfoxide has 
greater activity than methionine in promoting anaerobic growth of methionine- 
requiring mutants and in reversing sulfanilamide inhibition. It has also been 
shown that methionine sulfoxide has greater activity than methionine in glycerol 
medium in antagonizing methionine sulfoximine inhibition in EF. colz,® but no satis- 
factory explanation of these effects is vet available. 

Conclusions regarding amino acid metabolism should not be made on the basis of 
growth studies** such as those reported in this communication, but experiments of 
this kind are necessary in order to delineate areas in metabolism which require 
further investigation and quantitation. There can be little doubt that the failure 
of the mutants to utilize methionine anaerobically for growth represents a new area 
for study of methionine metabolism. Among the many experiments suggested by 
these observations, investigation of methionine sulfoxide in tumor metabolism 
should be interesting, since methionine sulfoxide demonstrates its greatest differ- 
ential effect under reduced oxygen tension and since the compound can be formed 
quantitatively by what appears to be a simple photochemical peroxidation.” 


The Ehrlich ascites carcinoma possesses certain desirable characteristics for such 


investigations, since a positive oxygen-dependent radiosensitivity is present?® 
and the cells require glutamine, a methionine sulfoxide analogue, and incorporate 
amino acids into protein anaerobically.” Anaerobic stimulation of incorporation 
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of amino acids into protein by substitution of MSO for methionine could be ex- 
pected, and increased anaerobic radiosensitivity might result. 


SUMMARY 


Twenty-seven mutants of coliform bacteria, each having a genetic block in 
methionine metabolism, were studied. Methionine, methionine sulfoxide, acetyl- 
methionine, and methionine peptides support growth of these mutants in the pres- 
ence of oxygen, but methionine is unique in that, in contrast to the other com- 
pounds, it is inactive in the absence of oxygen. This dependence upon oxygen may 
be limited to methionine among the amino acids, for of fifty-one mutants with 
blocks involving fourteen other amino acids, each mutant either grew anaerobically 
with the same amino acid(s) required aerobically or, in three cases, the amino 
acid(s) were not required for anaerobic growth. 

Nutritional experiments did not identify the defect in anaerobic methionine 
metabolism. Precursors such as homocysteine or homocystine were utilized for 
growth without regard to oxygen, and vitamin By-stimulated mutants showed no 
oxygen dependence for growth with the vitamin. Permeability was discounted, 
but not eliminated, as a factor, since one Aerobacter mutant demonstrated oxygen- 
dependent growth for both methionine and s-adenosyl-L-methionine. 

One mutant of EF. coli (Texas) with a demonstrable aerobic requirement for a 
methyl donor was shown to lose this nutritional requirement anaerobically. 

Methionine sulfoxide was shown to have greater activity than methionine in 
antagonizing sulfanilamide inhibition in EF. coli B. Vitamin By did not affect 
sulfanilamide inhibition in the wild strain B but did stimulate growth of a vitamin 
By mutant of the B strain in the presence of sulfanilamide. Methionine sulfoxide, 
but not methionine, stimulated growth of the B,. mutant in the presence of sul- 
fanilamide both aerobically and anaerobically. 
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ON THE DIFFUSE REFLECTION OF A PENCIL OF RADIATION 
BY A PLANE-PARALLEL ATMOSPHERE 


By S. CHANDRASEKHAR 
UNIVERSITY OF CHICAGO 
Communicated June 19, 1958 


1. Introduction.—The problem of the diffuse reflection and transmission of an 
incident parallel beam of radiation by a plane-parallel atmosphere has been con- 
sidered extensively in the literature.! Several basic problems in this subject have 
received exact solutions (R.7T., chaps. iv, ix, and x). In obtaining these exact 
solutions, certain general principles of invariance (R.7'., chaps. iv and vii) have 
played a central role. 

Problems of a different order of complexity arise when we consider the incidence 
of a narrow pencil of radiation (such as a searchlight beam) instead of a parallel 
beam. In many ways these are fundamental problems: on their solution depends 
the solutions of others. Thus the solution for the problem of the diffuse reflection 
and transmission of radiation from a point source of light can be expressed as an 
integral over the solution for the searchlight problem. Nevertheless, exact solutions 
for any of the basic problems in this general category do not exist, though approxi- 
mate methods for the solution of some of them have been developed.?. It would 
clearly be of value if the effectiveness of these latter approximate methods could be 
tested against an exact solution of some specific problem which has the same inher- 
ent difficulties. In this paper a method based on invariances will be described for 
the solution of the simplest problem in this subject, namely, the problem of the dif- 
fuse reflection of an infinitesimal pencil of radiation of finite flux incident in some 
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direction and at some point on an isotropically scattering, uniform, semi-infinite 
atmosphere. 

2. The Equation of Transfer—Let a pencil of radiation of infinitesimal cross- 
section, but of finite net flux F normal to itself, be incident at some point on a 
plane-parallel atmosphere with the properties described in section 1. Let 4% be 
the angle of incidence. 

Choose a Cartesian system of co-ordinates with the z-axis passing through the 
point of incidence and normal to the atmosphere; z is measured inward from the 
boundary of the atmosphere. Let the x-axis be so chosen that the (x, z)-plane con- 
tains the incident pencil. Further, let z, o, and y define a system of cylindrical 
co-ordinates with the same z-axis: o@ denotes the distance from the axis, and y is 
the polar angle in the (x, y)-plane (see Figs. 1 and 2). 











ztan@n =f 





Fig. 1. Fig. 2. 


In the problem under consideration the specific intensity, 7, at any point in the 
medium depends not only on its position, (z, @, ¥), but also on the direction through 
the point. We shall specify the latter by the polar angles 6 and @ (see Figs. 1 and 
2). Instead of 6, it will sometimes by convenient to use u» = cos 6 as the variable. 


We may now write 
Il =TI(z, wo, ¥; pu, >), (1) 


where we have separately grouped the variables referring to the position and the 
direction. 

Since the atmosphere has been assumed to be uniform, there will be no loss of 
generality in taking | «xp (where « denotes the mass-scattering coefficient and p the 
density) as the unit of length. 

In the variables described and in the unit of length chosen, the equation of radia- 
tive transfer takes the form 
ol 4 sin 6 sin (= ol 


6 of + sin 6 @ 
COS sin COS <a 
ne” dz © oe w Ww a 


) = (2,0, 34, 6) — Y, (2) 


where ¥ denotes the source function. 

In the problem of diffuse reflection and transmission, it is convenient to separate 
the incident radiation which prevails at all levels (with intensities reduced by deter- 
minate amounts) from the diffuse radiation which has resulted from one or more 
scattering processes in the medium. With this separation of the two fields and 
reserving J to refer to the intensity in the diffuse radiation field only, we can write 
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for the source function (on the assumption of isotropic scattering) the expression 


Xr +1 2nr 
y) = { f T(z, ow; vw”, &")do"du” + 
4n J-1 Jo 


paar 
4 Fe” A(a — ztan®; Ww), (3) 


where \ (< 1) is the albedo for single scattering and A(a — x9; y — Yo) is a two- 
dimensional Dirac 6-function with the properties 


A(x — 20; y — yo) = O if x ~ x and y + yo, 


and 
SS A(z — Xo; y — Yyo)dady = 1, 


if the domain of integration includes the point (xo, yo) and is zero otherwise. 

The term in A (@ — z tan 6; W) in the expression for the source function repre- 
sents the scattering of radiation from the element of mass located at the point 
(z, z tan 6, 0) where the incident pencil (reduced in intensity by the factor e~*”) 
intersects the (@, ¥)-plane at the level z. 

Combining equations (2) and (3), we have 


P ol rey 4 ol 4 sin 6 sin @ (= =") 
‘OS sin 6 cos ” 
CO a. ) CO a dv de 


a @ 


nN +h . eae 
I(z, @, v3 wu, 6) — \ f } T(z, @, v; uw”, &”)db"du"” — 
T a 


, Pe 7H A(ag — ztan6: vw). (6) 


A solution of this equation must be sought which satisfies the boundary conditions 
1(0, ®, ¥; —z, 6) = for O<u<l 
and 
eI (z, ®, vi uw, 6) ~ 0 for 
And the angular distribution of the emergent radiation, 
I(0, o, ¥; + yw, >) (OS. 3), (8) 
will specify the required law of diffuse reflection. We shall express this law in terms 


of a scattering function, S, related to /(0, a, ¥; +4, 6) by 


F 
I(0,@, ¥; +4, ¢) = 4 S (@; uw, O; bo, W). (9) 
rv 


The reason for expressing the law of diffuse reflection in this manner is that the 
principle of reciprocity (R.T., p. 172) requires that 


S(@; uw, o; wo, VW) = S(@; wo, Wi uw, &). (10) 
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3. The Principle of Invariance.—In analogy with the problem of diffuse reflec- 
tion of a parallel beam by a semi-infinite atmosphere (7?.7., p. 91), we shall argue 
as follows: 

Considering the radiation field in the atmosphere, we first distinguish between the 
incident pencil with the reduced flux 


x Fe7*™ (11) 
at the point (z, z tan 6, 0), in the direction (—yo, 0), and the diffuse radiation field 


I (z, @, ¥; wu, 6). To distinguish further between the outward (0 < yw < 1) and 
the inward (—1< yu < 0) directed radiations, we shall write 


I(z, o, ¥; +n, 6) O<u<1) (12) 


and 
I(z, ®, ¥; —n, o) (O< w< 1). (13) 


With these definitions we can formulate the following general principle: 

The intensity I(z, @, ¥; +, o) in the outward direction at any level z results from 
the reflection of the pencil with the flux rFe~*™ at (z, z tan 6, 0) and the diffuse 
radiation I(z,0',W; —w’, #7) (O< ww <1;0< 0 << 2r7;0< 0 < me O0OK<V< 
2x), incident on the surface z, by the semi-infinite atmosphere below z. 

To obtain the mathematical expression for this principle, we first observe that 
the contribution to the outward intensity, /(z, @, ¥; +u, 6) by the reflection of the 
reduced incident pencil at (z, z tan 4, 0) is given by (ef. Fig. 3) 

F —z/mo @ ’ 
-e ~™ S(R; uw, o — x; mo, VW + x), 
du 
where 
R = (o + 2? tan? 6 + 2wz tan 6 cos y)!/? 


and 


: i, 
sin (Wy + x) = R sin y. 
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Similarly, the contribution to /(z, o, ¥; +, ¢) by the diffuse reflection of the 
inward-direction radiation prevailing at the level z, is given by (cf. Fig. 4) 


1 co) Qn 1 2n 
i) f ff S(; w,6+ 5; 4,20 —-[W —v+e54+e')) x 
4ru Jo 0 0 J0 


T(z, &, Ws —w’, &' )dd’'dy’o'dv'da’, (17) 
here 
Tl = [o? + o!? + 2a0’ cos (W’ — ¥))”, (18) 


and 


oy’ 
sin ¢ = — sin (W’ — Ww). (19) 
eo 
It may be noted here that Il and ¢ depend only ona, @’ and ¥’ —y; they do not de- 
pend on the other variables. 
Combining the contributions (14) and (17) to /(z, w, ¥; +u, 6), we have 


F x dee 
T(z, ®, Vy; +h, 6) = 4 aun S(R; pp, Oo = X; Mo, y + x) + 


be 
l ‘i 2m 1 2n 
J J IJ, SU; u,6 + 6; w', 2" — |W —w+e+ 4’) x 
dary 0 0 0 0 


T(z, & , VW; —u’, 0 )dd’ dy’ a’ dv'da’. (20) 


This equation expresses the invariance of the scattering function, S, to the addition (or, 
subtraction) of layers of arbitrary thicknesses to (or from) the semi-infinite atmosphere. 

4. The Integrodifferential Equation Governing S.—As in the theory of the diffuse 
reflection of parallel beams (R.7T., pp. 91-94) we can obtain an equation for S by 
differentiating equation (20) with respect to z and passing to the limit z = 0. Thus 
we obtain 


ra) F 
| I(z, @, Vv; +n, 6) | =_=_— S(o; LM, O; po, v) + 
Oz z=0 tuo 


F jos (22) (3 28) (>*) ) 
‘ ~ ~ r+ 
4u ldo \dz/,<0 Ww de/ \dz/, of 
l oo 2r 1 2r 
f f f [ S(l; upd + 6; wh’, 2r7 -— [W’ —-Y+e4+¢']) X 
dou Jo 0 0 J0 


oO 
E T(z, 0’, W’; —p’, od | dd’ dy’ a’ dp'do’. (21) 
rd z=0 


On the other hand, from equations (9), (15), and (16) and the equation of transfer 
(2), we derive 


oR re) tan 4 sin y, 
( ) = tan 4% cos yy; ( x oes o sin ¥ (22) 
02 /2=0 Oz ® 





PHYSICS: 8S. CHANDRASEKHAR Proc. N. A. S. 


ra) 
uw I(z, o, v3 +h, 6) | 


C 0, ; = 
>> + 3(0, a, ) 


z=( 

| ‘ ra) sin 6 sin & (2 ra) 
—sin 6 cosé -- 

Ow ov Od 

ra) sin 6 sin @ (2 ra) 


— sin @ cos _ _ 
ep hess © o) Ww O¢ 


= ) + 1 | 10, @,v; +u,¢6) = (23) 
FP 

) a 1 | Se: u, &; wo, W), 
Au 


and 


re) l 
| I(z, ov’; -1',0')| = — 30, a, v’). 24) 
Oz z=0 Me 


Making use of these relations in equation (21), we find after some rearrangement of 
the terms, 


es (; ‘) : os 
F<{-— + S — (tan 0 cos vW + tan 6 cos ¢) > 
4 Mo & 0@ 


as =) 


] 
(tan @ sin YW — tan @ sin 6) ( _ P= 
® ov Od 


f 


1 20 2r 1 2n 
(0, @, vw) + f [ f f (0, wo’, v’) X 
4dr Jo Jo 0 J0 


dy’ 
SUI; up é + 3 w’,2e —- [WY -—-yt+e4+ a’ Jjdd’ = a’ dy’'da’ = 
m 


] « 2 el 2x 
(0, o, wy) + J, i) | I (0, ’, ’) X 
dr Jo 0 0 JO 


dp’ 
~ & dl'do’; (25) 


be 


cf 
S(II; uw, 6+ ¢; uw’, &’ dd’ 


the alternative form of the integral over 3¥(0, w’, UW’) in the last line results from the 
independence of the source function on y’ and @’. 
According to equations (3) and (9), 


eon 9 | ; - ... x du” 
(0, a, ¥) = - F | Alo; vw) + S(@; uw", 6"; wo, V)do” —- |. (26) 
4 4r Jo Jo Mm 


Using this result in equation (25), we finally obtain 


l l ra) 
\( + ) — (tan @ cos W + tan @ cos 6) i 
{ Ko K Ow 


S(@; wu, d wo, Vv) = 


l ra) 
(tan 4) sin Ww — tan @sin 6) ( _ ) 
@ ov Od 


j l ” Y ” ” dy” 
AV A(@; ¥) + S(@; uw”, 6”; wo, W)db” — + 
| dr 0 0 ” 


m 
l 1 2a , ‘ ; dy! 
S(@; wu, 6; w’, 6’) db’ — + 
4nr Jo Jo m 
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l eo) 2n 1 2n 1 2n 
: Jf f f f f f S(Il; w,d + £5’, d’) X 
l67r? Jo 0 0 JO 0 Jo 


; du” dy’ 
S (a; uw", 6"; wo, V') do” — do’ — a dv’ da’ 
m M 
This is the required integrodifferential equation for S (@; u, 6; uo, W). 
The structure of equation (27) becomes clearer if we rewrite the integrals which 
occur on the right-hand side of the equation in terms of the functions 
Ip 


1 1 2x ( , 
P(@; wu, 6) = f f S(@; uw’, &; uw, d)de’ — (28) 
4r Jo Jo mn 


. l 1 2n ; : : , dy! 
P(@; uw, 6) = S(@; wu, ; vw’, & dd’ — 
4x Jo Jo Mm 


we have 


(: ‘) a 
a = — (tan 6) cos ¥ + tan 6 cos od) + 
' Mo M O@ 


: (t A sl y t @ sin & ( : $ ) S( o y) 
an @ sin — tan sin @) — > I(D; uM, O; ’ = 
- oy de ( KM Mo 


\ {A(@; ¥) + Plo; wo, ¥) + Pl: uw, 6) + Qlw; uw, d; wo, v)}, (30) 


where 
Q(@; wu, o; wo, v) = i) { P(Il; wp, od + OP(@’: wo, v')o’dl’da’. (31) 
0 0 


The function Q (@; wu, 6; wo, ¥) has a simple geometrical relationship with the 
directions of incidence (4, ¥) and observation (u, 6). It is a surface integral for all 
positions of the vertex A of the triangle OAO’ in Figure 4; the base, OO’, of this 
triangle is fixed, and so are the directions of incidence and observation represented 
by OB and O’B’; the function P (@’; wo, W) is defined at O, while the function 
P(II; uw, 6 + ) is defined at 0’, and they are defined in a manner which is clearly 
symmetric with respect to the vertex, A, of the triangle. Accordingly, we may 
write (symbolically) 

Q(@; u, 6; wo, ¥) = SP(AO’; uw, 6)P(AO; wo, WA, (32) 
where dA is an element area at A. 

5. The Principle of Reciprocity.—We shall now verify that if S(@; pw, 6; wo, ¥) 

is a solution of equation (30), then so is 
S(@; u, 6; wo, V) = S(@; wo, V; w, 4), (33) 
obtained by transposing the variables (u, 6) and (yo, ¥). 

The effect of the transposition on the left-hand side of equation (30) is to replace 
S by S but otherwise leave it unaltered, since the operator acting on S is symmetrical 
in the pair of variables (u, 6) and (uo, ). 
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The effect of the transposition on the right-hand side is to change it into 


\{A(@; $) + Ps(@; w, 6) + Ps(@; wo, ¥) + Qs(@; mo, ¥; Hw, 6)}, (34) 


where the subscript S signifies that the function in question is evaluated in terms of 
S. Clearly, 


Ps(@; w, 6) = P3(@; wu, 6) ~— and Ps(@; wo, ¥) = Ps(@; wo, ¥). (35) 
Also, 


Qs(@; wo, V3 wu, 6) = S PAO’; Mo, v)Ps(AO; M, o)dA 
= SP AO’; wo, PAO; u, 6)dA 
= Q3(o; bt, o; po, W). 


Hence (34) is the same as 
\{A(@: ¢) + Ps(w; wu, 6) + Palm; wo, ¥) + Qal(@; uw, o; bo, v)}; (37) 


but this 7s the right-hand side of equation (30) for S.. This completes the proof 
that if S is a solution, then sois S. The equation we have derived for S is therefore 
consistent with the principle of reciprocity. This latter principle requires that 
g= § (38) 
in which case, 
P = P. (39) 

6. Concluding Remarks.—The principal object of this paper was to derive, in 
one simple case, an equation for the scattering function, S, which expresses a basic 
invariance of the problem. In a later paper, we shall show how this equation can 
be solved by a simple iteration procedure. 

It is clear that the methods of this paper admit ready generalizations to less 
idealized situations: for example, to the problem of the diffuse reflection and trans- 
mission by atmospheres of finite optical thicknesses. But these can await the 
completion of the solution of the equation derived in this paper. 


1$. Chandrasekhar, Radiative Transfer (Oxford: Clarendon Press; 1950); references to this 
book will be prefaced by “R.T.”’ 

* Paul I. Richards, ‘‘Scattering from a Point Source in Plane Clouds,” J. Opt. Soc. Amer., 46, 
927-934, 1956. 





REMARKS ON THE LONG-WAVE-LENGTH LIMITS OF PHOTO- 
SYNTHESIS AND CHLOROPHYLL FI UORESCENCE 


By JAmes FRANCK 
RESEARCH INSTITUTES (FELS FUND), UNIVERSITY OF CHICAGO 
Communicated June 18, 1958 


The photosynthetic quantum yield of Chlorella and other green algae is, in general, 
independent of the wavelength of the light absorbed by the chloroplast pigments. 
Two exceptions to this rule have been found. First, light absorbed by 8-carotene 
is less efficiently used for photosynthesis than that absorbed by the chlorophylls; 
and, second, there is a rapid decline of the quantum yield with increasing wave 
length from 6850 A on. According to Emerson and co-workers,! this so-called long- 
wave-length limit of photosynthesis begins very near the maximum of the red 
absorption band of chlorophyll a. More recently, Duysens? found that the fluores- 
cence yield of these algae, 1.e., of their chlorophyll a, has the same long-wave- 
length limit as photosynthesis and that the curve of fluorescence yield versus wave 
length is very similar to the corresponding curve of the photosynthetic quantum 
vield. 

In blue-green algae and, particularly, in red algae the quantum yields depend 
strongly upon the pigment which absorbs the light. Blinks and Haxo* studied 
these algae very carefully. In general, they found that light absorption by 8- 
carotene or by chlorophyll a contributes very little to the process of photosynthesis 
and gives an unusually small yield of fluorescence of chlorophyll a. The long-wave- 
length limit of both the photosynthesis and the fluorescence-yield curves is shifted 
considerably to shorter wave lengths and coincides with the beginning of the ab- 
sorption bands of the phycobilins. Blinks interpreted these results by assuming 
that most of the chlorophyll a molecules in these algae neither participate in photo- 
synthesis nor are able to fluoresce. Light absorbed by these chlorophyll a mole- 
cules is presumably lost by dissipation as heat. Such behavior would be expected, 
for instance, if most of the chlorophyll were present in a form of colloidal particles. 
Since, according to Blinks, only a few chlorophyll a molecules are photochemically 
active and able to fluoresce, these must be situated near enough to the phycobilins 
that excitation energy can be transferred from the phycobilins with a high yield. 
Blinks’s picture is thus in agreement with the results of French* and of Duysens,* 
that excitation energy always migrates to the pigment whose absorption spectrum 
extends farthest to the red, i.e., in algae, to chlorophyll a. 

In an important paper published recently in these PRocEEDINGSs, Emerson et al.° 
have shown that Blinks’s assumption that the major part of chlorophyll a is entirely 
inactive cannot be correct. Rather, they found in Chlorella that light of wave 
length longer than the limit can be utilized for photosynthesis with the same quan- 
tum yield as light of shorter wave length, provided that the long-wave-length irra- 
diation is supplemented by a short-wave-length irradiation. In a second paper, 
presented at the April, 1958, meeting of the National Academy (and made avail- 
able to the present author through the kindness of Professor Emerson), Emerson 
et al. show that the same is true for blue-green and for red algae. They conclude 
that two types of excited states of dyes play a role in photosynthesis and that they 
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differ in the amount of energy they contain. The low-energy type might be used 
for a step of low-energy demand, the higher may have sufficient energy to promote 
the high-energy, as well as the low energy, step. Long-wave-length absorption is 
supposed to form the excited states of lower energy; shorter-wave-length absorp- 
tion, on the other hand, will produce excited states of higher-energy content. The 
two types of excitation levels are ascribed by Emerson to two different plant pig- 
ments. According to him, the lower one in Chlorella is the first excited singlet state 
of chlorophyll a, and the higher one is the first excited singlet state of chlorophyll b. 
Indeed, evidence presented by the authors proves that light energy absorbed by 
chlorophyll b in Chlorella is much niore efficient as a supplementary source of radia- 
tion than is light absorbed by chlorophyll a, even if its wave lengths are shorter 
than the long-wave-length limit. In blue-green and in red algae, the correspond- 
ing excitation of a phycobilin replaces that of chlorophyll b. 

The requirement that the first excited singlet levels of two different dyes each be 
photosynthetically active implies abandoning the idea that excitation energy is 
always transferred to chlorophyll a; it offers no explanation for the behavior of the 
fluorescence yield of chlorophyll a. 

We propose to avoid the contradictions between the conclusions of Blinks and of 
Emerson by the following alterations: (1) In Blinks’s assumptions, we replace the 
idea of an abnormally high probability of radiationless transitions from the first 
excited singlet state to the ground state of the bulk of the chlorophyll a by that of 
an abnormally high transition probability from excited singlet to metastable triplet 
state of chlorophyll a. (2) Instead of Emerson’s conclusion that the first singlet 
excitation states of two different dyes are utilized for the photochemical steps of 
photosynthesis, we make use of the conclusion—on which the present author has 
based his theory® of the photochemical steps of photosynthesis—that a co-opera- 
tion between two different quantum states of chlorophyll a is needed for photosyn- 
thesis, i.e., between chlorophyll a molecules in their first excited singlet state with 
others in their lowest metastable triplet state. For information about the two pro- 
posed ways of visualizing such a co-operation, the reader is referred expecially to 
the Handbuch article and the paper of Brugger and Franck.’ Both theoretical 
pictures discussed there lead to the conclusion that optimal quantum yields can be 
expected only if the number of singlet states used for photosynthesis is at least as 
great as that of the metastable triplet states. It follows that any condition which 
leads to an unusually high proportion of metastable states depresses the yield of 
fluorescence and photosynthesis. The questions are: Does irradiation of Chlorella 
with long-wave-length red light produce mainly metastable states, and, if so, why 
should this be the case for light of all wave lengths absorbed by chlorophyll a in 
blue-green and red algae? 

In the following paragraphs we propose answers to these questions, which are 
based on spectroscopic evidence that two types of electronic systems participate 
in the light-absorption act of the chlorophylls; one of these electronic systems has 
the quality of producing, under irradiation, metastable states in excess. 

Chlorophyll molecules possess—as do a number of other aromatic compounds— 
in addition to the normal set of quantum states of the z-electrons, other sets which 
correspond to transitions of a non-bonding electron into unoccupied orb‘!s of the 
r-electronic system.’ Pairs of non-bonding electrons are situated in certain chem- 
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ical groups connected with, or adjacent to, the conjugated ring system. In chloro- 
phyll, two nitrogen atoms of the pyrrole rings and the oxygen of the C—O group 
of Ring V contain such non-bonding electrons. Since the chlorophylls have a very 
extended system of conjugated bonds, the energy difference between singlet excita- 
tion in the n-x and 2-7 system is very small. Consequently, each band of the 
absorption spectrum of the chlorophyll contains contributions of the 2-2 and n-r 
transitions. The two types of transitions differ in several ways. The n-2 bands 
are weaker and more narrow than the z-7 bands; the transition moments of the 
two electronic systems are perpendicular to each other; the n-z singlet levels pos- 
sess an abnormally strong admixture of triplet character, whereby the probability 
of radiationless transitions between singlet and metastable triplet becomes so high 
that the fluorescence intensity is lowered to an exceedingly small value; the 2-2 
levels shift to lower-energy values with rising dielectric constant of the solvent 
(red shift); the energy of the n-z levels, on the other hand, rises with the dielectric 
constant (blue shift). 

The enumerated particular qualities of the n-z levels explain, according to Platt 
and to Kasha,’ the discovery of Livingston’ that chlorophylls a and b are practically 
non-fluorescent in dry benzene (non-polar solvent). If small quantities of water 
are added, the fluorescence yield rises to values nearly as high as are observed in 
alcohols and other polar solvents. Platt and Kasha concluded that in benzene the 
first excited n-m singlet lies below the 2-7 singlet level. Thus the fluorescence is 
quenched because the excitation energy will be transferred to the lowest singlet 
state, in this case an n-z singlet, which, for the reasons mentioned above, shows no 
fluorescence. Small additions of water are supposed to reverse the order of the 
n-r and x-x singlets. The 2-z level becomes the lower one because of the blue 
shift of the n-z level and the red shift of the 2-7 level. 

Platt’s and Kasha’s explanation is undoubtedly correct; however, it is necessary 
to extend somewhat the analysis to remove certain apparent difficulties. They 
are as follows: (1) The sensitivity of the fluorescence in benzene toward water is 
exceedingly high. One water molecule per chlorophyll molecule seems to be suffi- 
cient to allow the fluorescence to reappear. Furthermore, the water must have a 
direct or indirect influence on the magnesium atom of the chlorophyll because 
removal of the magnesium destroys the effect. (2) The presence of small concen- 
trations of water changes the absorption spectrum of the chlorophyll. It enhances 
considerably the F-value of the long-wave-length band of the chlorophylls. Other 
polar molecules do cause similar effects but only if they are present at much higher 
concentrations. (3) Platt’s and Kasha’s assumption implies that the phosphores- 
cence yield of chlorophyll is high because the quenching of the fluorescence is 
assumed to be caused by the high probability of radiationless transitions into the 
metastable triplet state. The observation shows, on the other hand, only a very 
weak phosphorescence in chlorophyll 6 and none in chlorophyll a. 

An explanation of these deviations from expectations becomes possible if one 
considers that the chlorophylls should have three metastable states, namely, one 
x-mx metastable triplet state, one n-z state involving the oxygen atoms of the CO 
groups, and another n-z state connected with non-bonding electrons of the nitrogen 
atoms of the pyrrole rings. The last-mentioned metastable triplet state is the most 
interesting because it is connected with the problems 1 and 2. Two of the four ni- 
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trogen atoms are at each moment bound to the magnesium atom, while each of the 
two remaining nitrogens has an unshared pair of electrons. The magnesium bonds 
resonate quickly between nitrogen pairs. Therefore, the magnesium atom must be 
situated at the center of the four nitrogen atoms. We interpret the high sensitivity 
against water by the assumption that one water molecule becomes attached to two of 
the nitrogens by hydrogen bonds. That binds this water molecule relatively 
strongly and enhances the force by which the non-bonding electrons are held in their 
ground state. Therefore, one water molecule attached to a chlorophyll is sufficient 
to shift the first excited n-z singlet level considerably to a higher-energy value. 
l-urthermore, it causes a stoppage of the resonance of the magnesium bonds. These 
bonds will stay with one pair of nitrogen atoms, which will attract the magnesium 
atom, and it is therefore drawn away from the center, and that changes the charge 
distribution of the conjugated ring system. The great sensitivity of the fluorescence 
against water is then an indication that in dry benzene the n-z singlet connected 
with the nitrogen is the one which lies below the z-z singlet. Its blue shift by con- 
tact with water raises the fluorescence yield; the change of absorption spectrum 
of chlorophyll is a by-product. 

For the third problem, we propose a solution based on the results of Kanda and 
Sponer® with other aromatic compounds. If we apply these to the case of the 
chlorophylls, we come to the conclusion that the two metastable triplet states of the 
n-r electronic system must lie considerably higher in the energy scale than the meta- 
stable z-2 state. Therefore, three different phosphorescence spectra might be 
expected, of which the spectrum emitted by z-z transitions from the metastable 
state to the ground state has the longest wave lengths. However, radiationless 
transitions between the higher n-z triplet and the lower one will be exceedingly quick 
and the same will be true at room temperature for the radiationless transitions from 
both n-z triplets to the metastable r-z triplet. That quenches the emissions of the 
two higher levels, and only the phosphorescence spectrum which has the longest 
wave lengths remains. That is in agreement with Livingston’s and with Linschitz’s 
results," who observed in their studies of the absorption spectrum of the metastable 
state at room temperature that only one metastable state was present. However, 
if the temperature is very low, the rate of the internal transitions between n- 
and 2-2 triplets is expected to become slow enough to permit a weak n-7 phosphores- 
cence. The reason for such a delay of the radiationless transitions would be a 
small “‘heat of activation” needed to make the transitions possible between quantum 
states with radiation moments perpendicular to each other. That has been ob- 
served, too, by Kanda and Sponer® in other aromatic compounds. 

We therefore ascribe the weak phosphorescence of chlorophyll 6 with a wave 
length <1 yu observed by Becker and Kasha at —195° C.7 to the n-z system and 
assume that a much stronger phosphorescence spectrum with wave lengths >1 yu 
would have evaded observation on account of the insensitivity in this wave length 
(compare R. Livingston’s’ last quotation) region of the photomultiplier system used. 
It is of interest that Tollin and Calvin" recently observed under special conditions 
(afterglow of dried chloroplasts) an emission spectrum of chlorophyll a in this long- 
wave-length region. However, experiments with chlorophyll dissolved in organic 
solvents are still needed to clarify this situation further. 

We now have to answer the question how the described experiments with z-z 
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and n-7 transitions of chlorophyll in vitro can be used to explain the observations of 
Emerson and of Blinks of the long-wave-length limit of photosynthesizing cells. 

All chloroplast pigments are adsorbed at proteins. They are at least partly 
sandwiched between alternating layers of lipoprotein and protein having less lipoi- 
dic character. This has been shown by electron-microscopic observations. Studies 
of the afterglow of chlorophyll in plant cells and chloroplasts (Strehler and Arnold),'? 
together with Arnold’s and Sherwood’s observations'* of a weak electronic photo- 
conductivity of dried chloroplast smears, gave special information about the situa- 
tion of chlorophyll a and its surroundings. The bulk of it must be adsorbed as a 
monomolecular layer in a kind of crystalline order, and it must be protected against 
contact with liquid water and its solutes by a lid of fatlike protein. If these condi- 
tions were not fulfilled, neither the observed conductivity nor the recombination 
connected with light emission having the fluorescence spectrum of chlorophyll a 
would be possible. For these and further deductions on afterglow, the reader is 
referred to the paper of Brugger and Franck.® 

Therefore, the bulk of the chlorophyll a in the protected chlorophylls cannot be 
directly connected with the photochemical processes of photosynthesis. To make 
the excitation energy of the protected chlorophylls available for photosynthesis, 
the excitation energy must be transferred to the small percentage of chlorophyll a 
molecules which are exposed to the water and its solutes. Such transfer can be per- 
formed in an efficient way because the contact with water causes a red shift of the 
singlet and triplet levels, provided that they belong to the 2-7 electronic system. 
A more detailed analysis reveals that the excitation energy of the lowest excited 
singlet, as well as of the 7-7 metastable triplet, can be transferred to the few exposed 
chlorophylls. If all the protected chlorophylls are situated in a surrounding which 
lifts the n-z singlet levels above the 2-7 singlets, this transfer should be so quick that 
practically only singlet excitation migrates from the protected to the unprotected 
chlorophylls. If, on the other hand, the influence of the surroundings puts the n-x 
singlet levels lower than the z-z levels, the transfer to the n-z singlet will be the 
fastest process in the protected chlorophylls, followed immediately by radiationless 
transitions into the metastable states. Thus, in this case, only metastable excita- 
tion energy is transferred from the protected to the exposed chlorophylls. 

A model in which only transfer of excitation energy from protected to unprotected 
chlorophyll a is taken into account would then, in the first of the two cases, give 
high photosynthetic and fluorescence yields and no dependence on wave length 
because both singlet and triplet energy is transferred. In the second case the rates 
would be zero at all wave lengths because only triplet energy is transferred. More 
probable than this model, with its “all-or-nothing,” response would be one which 
leads to the alternative of photosynthetic rates lower than optimal at all wave 
lengths or to a good yield at short wave lengths and a low one at the longest wave- 
lengths of the chlorophyll a absorption. The condition for the first alternative 
would be that one of the two n-z singlet levels lies very little above the -z singlet 
level. In that case thermal fluctuations at room temperature would cause very 
frequent transitions from the 2-2 to the n-z singlet, with the result of lowering the 
yields. 

The second alternative would occur if, in one part of the protected chloropbylls, 
both n-x singlets lie high enough above the 7-7 singlet to avoid thermal transitions. 
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while another part is in a surrounding where the two n-z singlets or one of them lies 
below the z-x singlet. The contribution of this latter part of the chlorophyll to 
the yields would then be small; and, since the n- absorption band corresponding to 
this part of the transition lies at the long-wave-length side, low yields would occur 
only in this long-wave-length region. Our present knowledge of the structure of the 
chloroplasts is not sufficient to predict the exact positions of the n-z and 2-7 levels 
of the protected chlorophylls. We do know, however, that they should be influ- 
enced by the polarity of the proteins themselves and by the moisture they contain. 
In estimating these influences, we have to take into account that most of the hydro- 
gen bonds of the protein itself are utilized for protein-protein interlinking and thus 
might be only to a small part available for linkage with the non-bonding electrons. 
The hydrogen of the water molecules might not be available at all places. If the 
water concentration is small in the protein, only a few number of molecules might be 
found in the right positions to form a bridge between two nitrogen atoms. Our 
conclusions are that great differences in the water content of protein can be caused 
by small variations in the structure of the chloroplasts in difference species of algae. 
They can be made responsible for the whole variety in the transfer of excitation 
energy from protected to exposed chlorophylls, as is indicated by the differences in 
the occurrence of the long-wave-length limit. In some algae a difference in the 
vields might occur if light of different wave lengths were absorbed by chlorophyll 
a. In others, light of all wave lengths absorbed by chlorophyll a may give low 
yields (etc.). 

Differences of the quantum yields are also possible if, under the influence of 


changes in the external conditions, the content of water in the protein should change. 
That seems to be a plausible interpretation of the observations of Seybold and 
Egle'* that in non-aquatic algae, living on the bark of trees, a lowering of the 
humidity of the air causes a lowering of quantum yields of photosynthesis and 


fluorescence. 

We now have to discuss why—in those cases in which light absorbed by chloro- 
phyll a gives low yield at all wave lengths—absorption acts in accessory plant pig- 
ments may give high yields in spite of the fact that the energy absorbed by the latter 
pigments is transferred to chlorophyll a. In these cases we are forced to the con- 
clusion that the excitation energy acquired by the accessory pigments is preferenti- 
ally transferred to the unprotected chlorophylls instead of to the protected ones. 
That becomes possible if the distance between the location of the accessory pig- 
ments to the unprotected chlorophylls is smaller than that to the protected ones. 
Indeed, such a situation has a great probability because we know that accessory 
pigments cannot be indiscriminately interspersed into the layer of the protected 
chlorophyll a molecules. Otherwise they would disturb the crystalline order of the 
latter to such an extent that no electron conductivity and no occurrence of after- 
glow could result. Thus we assume that, for instance, the phycobilins are absorbed 
outside from the lid of protecting fat and are situated nearer to the position of the 
unprotected chlorophylls. On the other hand, that is not expected to be the case 
for B-carotene. This pigment is supposed to be adsorbed at the lid of the fat itself 
and thus should transfer its excitation energy to its direct neighbors, the protected 
chlorophylls. It is therefore understandable that light absorbed by 6-carotene has 
not higher and sometimes lower efficiency than light absorbed by chlorophyll a 





“Vou. 44, 1958 PHYSICS: J. FRANCK 947 


itself. Chlorophyll 6 is supposed to disturb much less the crystalline order of the 
protected chlorophyll a molecules; thus it might be partly located under the lid of 
fat. However, the observations of Emerson, Chalmers, and Cederstrand make it 
probable that the greater part of chlorophyll b is adsorbed at the protein in loca- 
tions nearer to the unprotected chlorophyll a molecules than to the protected ones. 

On the basis of the preceding discussion, it is simple to fit into our scheme the most 
important part of the results of Emerson et al., i.e., the influence of supplementary 
irradiation by light of shorter wave lengths on the photosynthetic quantum yield of 
light of longer wave lengths than the limit. According to our thesis, the latter 
produces predominantly chlorophylls excited to the metastable states. If long- 
wave-length irradiation is added to the illumination by shorter wave lengths, the 
concentration of metastable excited chlorophylls, respectively, that of their photo- 
chemically produced photosynthetic intermediate, will rise to a higher steady-state 
value than this concentration would be if the total number of light quanta had been 
offered in the form of short-wave-length light. That has the effect of enhancing 
above normal the utilization for photochemical purposes of singlet energy produced 
by the short-wave-length irradiation. Thereby, it lowers the production of meta- 
stable states by the short-wave-length irradiation and lowers the fluorescence yield. 
In brief, the simultaneous irradiation with long- and short-wave-length light shifts 
the main chore of producing the needed singlet excitation to the short-wave-length 
irradiation, while the light of long wave length provides most of the metastable 
excitation. The over-all effect is that the combined irradiations with both light 
sources adjust the production rates of singlet and metastable excited chlorophyll a 
molecules in such a way that again equal number of singlets states and of metas- 
table states are utilized for photosynthesis. 

In summarizing, we state that the discoveries of Emerson et al. strongly support 
the concept that two quanta are needed to achieve the utilization of one hydro- 
gen atom and one OH radical of a water molecule for photosynthetic purposes. 
Furthermore, it strongly supports the main hypothesis of our theory that a co- 
operation between the first excited singlet state of chlorophyll and its metastable 
triplet state is a necessary condition for the process of photosynthesis. 
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CRYSTAL STRUCTURE AND INFORMATION THEORY 
By Dan McLacuian, JR. 
STANFORD RESEARCH INSTITUTE, MENLO PARK, CALIFORNIA 
Communicated by Henry Eyring, June 9, 1958 


I. Jntroduction.—From the standpoint of ‘information theory” as set forth by 
Shannon,! Shannon and Weaver,’ Brillouin,’ and others and more particularly from 
the viewpoint of “description mechanics,’’* the study of crystal structures using 
X-ray data involves the consideration of three models. These models have a point- 
by-point relationship with one another as follows: (1) the crystal is called the 
“describee,”’ (2) the diffraction pattern is a ‘‘code” which is to be deciphered, and 
(3) the proposed structure (or solution) is a “‘replica” which should have a direct 
similarity to the describee. 

The basic assumption in this type of study is that no more information can be 
gained than is contained in the diffraction pattern. The “descriptive capacity” of 
the crystal as a describee and of the diffraction pattern as a code can be computed, 
and thus the adequacy of the diffraction pattern in describing the crystal can be 
estimated. The methods for making such estimations will be illustrated in the 
following paragraphs through the use of a one-dimensional diffraction pattern. 

Il. The Describee.—Following the methods of description mechanics, we first 
draw a line whose length represents the length a of a single crystallographic unit 
cell in the x direction. Then we mark the distance a into N equal intervals which 
we call “description boxes.” These description boxes each have dimension Ar = 
a/N. This distance, Av, represents the accuracy with which we wish to locate the 
atoms in the unit cell. If we know from other sources that there are MV identical 
atoms per unit cell, then the descriptive capacity of the crystal is the number of 
ways of placing V7 atoms in N boxes with no more than one atom per box. If we 
were dealing with point atoms, the descriptive capacity w,’ would be 

Aus N! 
ee = MI(N— M)! (1) 


But, since atoms occupy volumes that greatly exceed the limits of accuracy, another 
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more appropriate equation has been devised. Assuming that each atom occupies r 
boxes, the descriptive capacity w, is 


rXl"(N /r)! (a/d)! 
= = (d/Azx)** 
M!(N/r—M)! M!(a/d — M)! 


We 


where d is the diameter of an atom. 

Ill. The Code.—The data from the diffraction pattern can describe the crystal 
structure, provided that the descriptive capacity of the diffraction pattern equals 
or exceeds that of the crystal. The diffraction pattern furnishes the Miller indices 
hand the absolute magnitudes of the amplitudes | F,,| which represent the structure 
through the equation 

p(x) = : pi F\ cos (24hx — a) + Po. (3) 

V ‘x J 

where p(x) is the electron density at the point x, V is the volume of the unit cell, 
and a, is the phase angle of the diffracted wave. Usually, in practical work, the 
accuracy of measuring amplitudes cannot be expressed as a percentage; but the 
value | F 4 assigned to the weakest visible maximum is the increment of inaccuracy 
for all maxima. Therefore, this increment could be called a “diffraction slug” and 
the number, S,, of them in a diffraction spot is S, = | Ff, || F),. The total number 
in the entire diffraction pattern is 


, 


Fortunately, the diffraction pattern is by nature divided into “diffraction boxes’ 
or distances in reciprocal space and the number of such boxes is simply H, the num- 
ber of diffraction maxima or spots. If this problem were simply that of comput- 
ing the number of ways of placing S slugs in H boxes without regard to the num- 
ber per box, then the descriptive capacity w,’’’ of the diffraction pattern would be 


(H + S — 1)! 


(H — 1! S! (4) 


However, two additional things must be considered. The first of these is the 
phase angle which might be estimated by some means with an assumed accuracy of 
22x/n; and the number of ways of classifying H boxes into 7 classes is 7”. Thus 
w’’’ should be altered to 

n"(H + S — 1)! 
ww = . (0) 
(H — 1)! S! 

The second correction that must be made is to take care of the fact that diffrac- 
tion maxima cannot assume unlimited values, but each value is limited to | F, |) < 
Mf,, where M is, as before, the number of atoms in the unit cell and f, is the atomic 
scattering factor in the direction prescribed by h and the wave length A. The 
values of f, are readily available in published tables as a function of (sin @)/A = h/2a. 
Calling the maximum value of S,, Q,, a special alteration was derived for equa- 
tion (4): 





PHYSICS: D. MCLACHLAN, JR. Proc. N. A. 8. 


: H-1 1 


h=1 
and the first correction 7” still has to be applied. So the restricted descriptive 
capacity of the diffraction pattern is 

H-1 1 

o- H er 
: | H@ (H — 1)! | 

It is interesting to note that equation (7) reduces to equation (5) when the upper 
limits, Q,, for S, are all identical and as high as possible, i.e., 


a2=Q2=...=Q=... S. 
IV. Comparison of Describee and Code.—If the diffraction data are adequate for 
determining the structure, then (see eqs. [2] and [7]) 


We S wa 


l 
‘ (8) 


= H 
: (H — 1)! 


M! (a/d — M)! — 


‘Ar )ala / ! H-1 
(d/Az)*"{(a/d) [m+ 
h=1 


Equation (8) can be used for either one or two purposes: (a) to determine the 
accuracy of Ax in locating atoms, 


d|(a/d)!\4/¢ 


: aja” (9) 
[waM!(a d — M)!|¢¢ 


Ax 
or (b) to determine how many phases, q, are yet to be estimated in order to attain 
a given accuracy Av. This is done by replacing H by q in the 7” term of equation 
(8) and solving for q, thus: 


We = nwa 


q = In (w./wa)/In 7. 


V. Past Efforts. —The use of these tests on actual crystal structures and their 
X-ray data as reported in the literature confirms the belief that has been held by 
crystallographers for two decades, ‘‘the X-ray data oversolves the structure.”’ This 
implies that there are relationships between the magnitudes of the F values that 
determine the phases. The Patterson? method combined the | Fee /? values and 
the knowledge of atoms to derive a structure. The Harker-Kasper® inequalities 
derived certain phase relationships strictly on the basis of the F values, while 
Wrinch,’ Buerger,’ McLachlan,*® Clastre and Gay,’ and the others who developed 
the methods of shifted Patterson maps demonstrated that certain symmetrical 
structures can be solved by using only the magnitudes of the F values, provided 
that one through-center interatomic vector can be established. Harker and 
McLachlan" showed the principles of phase determination implied by the methods 
of shifted Patterson products. The extensive work of Karle and Hauptman,!* " 
as well as the writings of Goedkoop," all confirm the same faith. Methods devised 
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by Sayre, Zachariasen,'® and others are further examples; and the use of simul- 
taneous equations proposed by Robertson” shows promise. 

VI. A Suggestion.—To show that much can be learned about the signs of the F 
values from little data other than the magnitudes of F, we shall demonstrate a 
principle based on gambling. If a structure is symmetrical, only two values of 
a, need be considered, 0 and 180°, so that 


’ 
7 
0 


\ (10) 


») t 
p(x) = = =. + |F,| cos 2rhx + 
h 


if the value of p(0) were known, for example; then 
Fo 


9 
p0) = — > + /F,| + — 
V \ 


> + |F,| z p(0) — r. (11) 

h 7 2 2 
With the | Fr values known, there are limitations on the choice of the + signs 
which permit the sum to add up to the known value (V'/2)p(0) — Fy)/2. The worst 
possible case would be where all | F,,| values were equal. This is analogous to a 
penny-tossing game in which F dollars are won when heads appear and F dollars 
are lost when tails appear. After H throws of the penny, the net gain or loss is 
determined by the prevalence of heads, Hy, or tails, Hr, where 


Hy Hr = H. 
This is similar to the equation of a straight line shown in Figure 1, 
| £ 
rty=a. 


The number of kinds of sequences of heads and tails in H tosses is equal to the 
number of paths from the point 0 to the line HH, where only moves to the right 
and upward are permitted. This number is w, = 2”, while the number of ways of 
getting Hy, heads and /T, tails is 


H! 


meme 


(12) 
These results are shown for H = 7 in Figure 1, and, since there are usually many 
ways of getting Hy heads and H, tails, knowing the final score does not uniquely 
specify the sequence of wins and losses. 

However, if the bets on each throw are different, as shown in Figure 2, then 
knowing the score implies a knowledge of the sequence of wins and losses. 

Since | F, | values in structure studies are inclined to be varied, much can be 
learned about their signs from knowing the density p(x) at one or more points. For 
example, 


| J 
» + |F,| = — [p(0) + p('/2) + 2p(' 
h 8 


h=4n 


Fy 
oj} - a 
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Fic. 1.—The straight line HH plotted from the equation Hy + Hr = H for H = 7, 
representing the results in a penny-tossing game with equal bets on each toss. The 
dots on each diagonal line show the results after each toss, and the curve HAH shows a 
graph of the number of ways of attaining the final result, using equation (12). For 
example, there are 21 ways to win two times and lose five times in seven throws. Note 
that a knowledge of the score does not uniquely reveal the sequence of the game. 


Bo V 
> + |Fil = F [p(0) + p('/2) — 2p('/4)]. (14) 
h 


h=4n+2 


The values of | | Fr | shown in Figure 2 were taken from Sayre’s discussion of his 
hypothetical structure. The same types of figures are also useful in studying 
Sayre’s inner products in his squaring method of phase determination. 

In order to solve for the most probable set of signs for the F values when no 
densities are known, it is necessary to assume a most probable density at some 
point and compute the compound probabilities of the combined densities at other 
points. These techniques will not be developed in this paper. 

VII. Resolution in Multiple Describees.—In the above discussions little emphasis 
was placed on the fact that a crystal contains many identical unit cells, each one of 
which qualifies to be called a describee. This brings up the question, is the resolu- 
tion improved by having a repeating pattern as compared to a single pattern? 
Physical optics teaches that the ultimate resolution to be expected when viewing a 
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Fic. 2.—The results of tossing a penny seven times with a different bet for each 
throw. In this example (in contrast to that in Fig. 1) a knowledge of the final score 
does define the sequence of heads and tails. If the final terminus is at B, there is one 
and only one sequence of plays which can produce it. In arriving at B, one is guided 
by the fact that the dotted lines BC and BD cannot be crossed. This gives rise to dead 
ends, indicated by interrupted arrows. The data were taken from Sayre’s® hypo- 
thetical structure. All phases of F, for h = 4n are predicted, see eq. (13). (Nore: In 
general, this determinism is maintained only if the first, second, third, ete., differences 
between bets are different. ) 


single pattern with radiation of wave length \ is \/2; while experimental X-ray 
structure analysts commonly report accuracies in locating atoms to 0.01 A and oe- 
‘asionally 0.003, using copper radiation with wave length \ = 1.54 A. A erystal 
having mosaic blocks only 900 A on an edge and unit cells of 3 A, for example, has 
300 unit cells on an edge or 2.7 X 107 unit cells in the volume. One might guess 
that the linear resolution might be 1.54/(2 X 300) = 0.00256 for this case, but this 
has not been proved. 


However, the superior resolution in repeating patterns was implied previously 
(see section III) when the assumption was made that the descriptive capacity 
w, of the diffraction pattern is a function of S, = 1 F,|/\F |p. The value of | F a 
i.e., the weakest diffraction maximum, is influenced by the conditions of measure- 
ment of the integrated intensity, 2, 
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Tod? [ e? \? 1 s* 2 . 
Eni = 9 cau oe “e (15) 
w mc* 2 sin 26 


where AV is the volume of the crystal contributing. The larger AV is, the greater 
and more reliable is #,,;, and hence smaller | F ln are recorded, thus increasing all 
S, terms. This can also be shown either by the methods outlined by McLachlan" 
for resolution in diffraction patterns or by suggestions in the work of McLachlan 
and Christ.!* 

A neat way of demonstrating the combined information capacity of a multiple 
pattern is shown in Figure 3, a,b, and c. A page of 100 3-cent U.S. postage stamps 
is shown in Figure 3, a, taken on grainy film. An enlargement of a single one of 
this set is presented in Figure 3, 6, to show the poor resolution. The negative of 
Figure 3, a, was placed on the traveling stage of a microscope, and a multiple ex- 
posure of 25 separate stamps out of the group of 100 was impressed on the same 
photomicrographic plate, each at 1/25 of the exposure time used for Figure 3, b. 
The result is shown in Figure 3,c. While Figure 3, a, might have a number of silver 
grains distributed between the 100 (or less) pictures to make a well-resolved picture, 
there are too few per picture. Figure 3, c, shows the combined effect of all the 
grains from 25 pictures influencing one picture. The details are better resolved. 
This is in accordance with the use of Poisson’s law for predicting resolution as a 
function of silver-grain concentration. Computations indicate that the linear 
resolution should be proportional to the square root of the number of silver grains 
per unit area; and therefore Figure 3, c, should have five times the resolution of 
Figure 3, b. 

The principles demonstrated by the postage-stamp experiment should prove to 
be very useful. If an electron micrograph of the face of a single crystal could be 
obtained showing the unit cells but not clearly enough to reveal the molecules or 
atoms, then the above procedure of combining the information of all the cells into 
one should result in an increased resolution of from tens to hundreds, depending 
upon the number of unit cells photographed on the crystal face and upon the accu- 
racy of superposition. 

VIII. Conelusions.—In conclusion, one may deduce from information theory 
that the X-ray data are usually sufficient for the solution of crystal structure. The 
solution of the problems of phase determination lies in the relationships between the 
magnitudes of the F values. Also, information theory (or description mechanics) 
points the way to extending the resolution of detail in electron micrographs of crys- 
tals. 


The author is grateful for special funds for fundamental research furnished by 
the Stanford Research Institute. 
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ON THE EUCLIDEAN STRUCTURE OF RELATIVISTIC FIELD THEORY 
By JULIAN SCHWINGER 
HARVARD UNIVERSITY, CAMBRIDGE, MASSACHUSETTS 


Communicated June 2, 1958 


The nature of physical experience is largely conditioned by the topology of 
space-time, with its indefinite Lorentz metric. It is somewhat remarkable, then, 


to find that a detailed correspondence can be established between relativistic 
quantum field theory and a mathematical image based on a four-dimensional Eu- 
clidean manifold. The situation can be characterized in the language of group 
theory, with physical quantities and states appearing as representations of the 
undeilying Lorentz transformation group. It is well known that some represen- 
tations of the Lorentz group can be obtained from the attached Euclidean group 
(the “unitary trick’’ of Weyl). What is being asserted is that all representations 
of physical interest can be obtained in this way. 

The objects that convey this correspondence are the Green’s functions of quan- 
tum field theory,' which contain all possible physical information. We consider 
a general Hermitian field, x, which decomposes into a Bose-Einstein field ¢, and a 
Fermi-Dirac field y. The Green’s functions can be defined as vacuum-state ex- 
pectation values of time-ordered field operator products. There are two types: 

Gi(t1 ..- Lp) = (x(a) ..- xl Lp))4 Der(Er .- . Ly) 
and 

Gin .. So GUts,)... ease... 2), 
where positive or negative time ordering implies an assignment of multiplication 
order in accordance with the ascending sense of time, as read from right to left 
(+) or from left to right (—). The quantities «. are antisymmetrical functions 
of the time co-ordinates for the F.D. fields, which assume the value +1 when the 
time-ordered sense coincides with the written order. The connection between the 
two Green’s functions is simply 
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Flee 5... Be) = l2,-. 3s a)". 

The definitions as given are actually restricted to those fields for which all com- 
ponents are kinematically independent at a given time. In more general situa- 
tions, additional terms are necessary, the function of which is to maintain the 
non-dependence of the Green’s functiOns on the particular timelike direction em- 
ployed in the time ordering, which is otherwise assured by the commutativity or 
anticommutativity of fields at points in spacelike relation. 

The invariance of the formalism under inhomogeneous Lorentz transformations 
requires that the Green’s functions be translationally invariant functions of the 
space-time co-ordinates, while the homogeneous, proper, orthochronous Lorentz 
transformations, 


x(lx) = Lx(x), 


imply the Green’s function invariance property, 


p 
( II La)OU 'y) = Gia). 
a=l1 


The form of the latter for infinitesimal transformations is 


P 1 ] 
| +s (:, ; 0, — Ly 0, + s,.) Jew = @, 
a=1 a 


The theory is also invariant under the proper, antiorthochronous transformation 
c* — —x", provided that a transition to the complex conjugate algebra is included.’ 


Now 


p 
| II Rade fOs(—2 <a —x,)* = <(Ryux*(— 211) ~e Jam €(—7, 


= 1 


i 6 ee 2 2 
since positive and negative time orderings are interchanged under time reflection, 
and, with n pairs of F.D. fields, 


1\nA 


CH. ss Hey. ( HIP eS,..:.... Sy 
while the sign factor (— 1)" is compensated by the imaginary unit contained in each 
matrix R,, that is associated with a half-integral spin (F.D.) field. Thus, for either 


type of Green’s function. 
p 
| II (Rye |G(—x) = G(x), 
a=1 


ie: is ern sine 


which, in its union of two disjoint pieces of the Lorentz group, is a sign of the 
Euclidean foundation on which the Green’s functions rest. 

The explicit dependence of the fields on the space-time co-ordinates is governed 
by the energy-momentum vector, P“, according to 


iPr 
’ 


x(x) =e Pre 


while the invariant meaning of the vacuum state is expressed by 
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(e—tPz ne {. e'P?) _ \ 


Hence, if x ... x represents the time-ordered arrangement of x, ... rp (t> 
... > t®), we have 


G(x) = ( “ — z®@)) x : Per 1) — 2x(p)) x ) €4(X1 Ps. Lp) 
and 


G_(x) = ( xe p) — xp?) ee ehem — 2%) x ) e.(t» at 21), 


wherein additional indices are needed to distinguish the various types of fields. 
The time dependence of the Green’s function G, is thus governed by the operators 
ee - es: 

which, in their dependence upon the differences of the consecutively ordered time 
co-ordinates, contain no negative frequencies (P*” > 0). The alternative Green’s 
function, G_, analogously constructed from the operators 

etm — ¢@*1)) 
contains no positive frequencies. 

We shall now use these spectral characteristics of the Green’s functions to give a 
more precise meaning to the assumed existence of the Green’s functions, which is 
in the sense of the summability of Fourier integrals. It is described by the absolute 
convergence (for distinct 2, ... x,) of the spectral representation obtained on re- 
placing the positive frequency unitary operators in G, with 
pW iPUE@ — ret — ie) 
and similarly inserting 


eh — «@t))(1 + fe) 


in G_, where the limit «> + 0 is to be eventually performed. This modified time 
dependence is also expressed by the substitutions tg > ta(1 — ze) in Gy and ta > 
te(l + ie) in G_. The existence of the Green's functions in this sense is equiva- 
lently described by the assumption that the various field operator matrix elements, 
multiplied by the densities of relevant states, possess no more than an algebraic 
growth with increasing energy. 

The absolute convergence of the spectral representations for the Green’s functions 
G, and G_ is now assured for the more general time substitution :* 

Rice —id) 
Gi haa pind > 0 

in which # lies in the open interval 0 << #< x. The new variables 7, are real num- 
bers that retain the ordering of the original time variables. We adopt a special 
notation to accompany the particular choice, # = '/27, which asserts the existence 
of the functions G,(t > —7zx4) and G_(t > +724). In this way there emerges a 
correspondence between the Green’s functions in space-time and functions defined 
on a four-dimensional Euclidean manifold. To the extent that the two Euclidean 
functions thus obtained are related, there also appears an analytical continuation 
that connects the two distinct types of space-time Green’s functions, G.. Con- 
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. 1 . ° . . - 
versely, given one of the Euclidean functions, the substitutions 24 — e'’ “t 


and 2, > e "\*/? ~ %t will yield functions having the space-time character of G,. 
and G_, respectively, in the limit as e— + 0. We must now see how to supply an 
independent basis for the Euclidean Green’s functions, from which has disappeared 
all reference to the space and time distinctions of the Lorentz metric. 

The significance of the latter remark can be appreciated through the form as- 
sumed in the Euclidean description by the statement of infinitesimal rotational in- 
variance of the Green’s functions. The Hermitian spin matrices, S,,,4,¥ = 1... 4 
(ay = +72°), comprising S;,; and Sy, = +7 So, still bear the mark of their Lorentz 
origin in the symmetry of these matrices; the S,, are antisymmetrical, while the 
S,4 are symmetrical. Hence one must perform a unitary transformation to unite 
them into six antisymmetrical, imaginary matrices that describe independent in- 
finitesimal orthogonal transformations. The means for distinguishing between the 
two types of matrices is provided by the space-reflection matrix, R,, 


R,“"'SyR, = Ser, R,—"'SwR, = —Sya, 
or, alternatively, by the time-reflection matrix, 
R, = RyR,. 
Indeed, for integral spin the necessary transformation is produced by 


’ E ~~ 4Rig + 4R 
S,. = € “ ‘Syl a4 . 


where the plus or minus sign applies to the matrices associated with G, or G 
+ (B) + ri/4R - (+8i/4i . 
Su = ¢ pal Re lhe \iSque rl Re - R Soe. 


Since the Hermitian matrices R, and R, are symmetrical‘ for integer spin and anti- 
commute with So;, the net effect of the transformation is to convert the symmetrical 
matrix S,4 into the desired antisymmetrical S,4). For half-integral spin, however, 
both the skew-Hermitian matrix R, and the Hermitian matrix 2; are antisymmetri- 
val, and the transformation as stated does not yield the required Euclidean matrices. 
One must also associate with R,, say, an antisymmetrical matrix that commutes 
with all S,, and with R, (the apparently different possibility of a symmetrical ma- 
trix that anticommutes with R, is simply a change of representation,‘ produced with 
the aid of R,., that effectively replaces R, with R,). Thus, to permit the complete 
transformation from the Lorentz to the Euclidean metric, every half-integer spin 
(F.D.) field must carry a charge. Just such a general fermionic charge property, 
under the name of nucleonic charge or leptonic charge, is either well established 
experimentally or has been conjectured on other grounds. The Euclidean formula- 
tion may be the proper basis for comprehending this general attribute of F.D. fields. 
If / is the imaginary, antisymmetrical matrix representing the fermionic charge 
property, the required transformation for half-integer spin fields is 


oO ; + 4Rdlo = 4R, 
S,. = ge" wa Ral 


and, indeed, 
Siu = TR Sox 


has the desired property of antisymmetry. 
We should also note the removal of reference to the Lorentz metric from the 
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orthogonal matrices R,, R; that are associated with the reflections of the individual 
space-time co-ordinate axes. For a B.E. field all these matrices are commutative, 
real, symmetrical matrices, and they are unchanged by the transformation to the 
Euclidean metric. On considering a F.D. field, however, we find that R,; occupies 
a distinguished position, differing from the anticommuting, real, symmetrical ma- 
trices R, by being imaginary and antisymmetrical. While the matrices R, are 
unaltered by the metric change, the Euclidean matrix associated with the reflection 
of x4 is now 


RY See tan tRal( 4 \Rie* r/4ARsl a3 Rl, 


which is also a real symmetrical matrix. Thus all the individual Euclidean co- 
ordinate reflection matrices are real, symmetrical, and orthogonal, with the two 
classes of fields distinguished by commutativity properties, according to 


E:  R,R, = e™e 
2xiS 
= "wR, 


To obtain an independent characterization of the Euclidean Green’s functions, 
we can convert to the Euclidean metric the system of differential equations obeyed 
by the Green’s functions. We shall only attempt to outline this process in the 
following considerations. Let the Lagrange function be written as 


l ] 
£ = 4 [xA*,x — xA"x] + 5 xBx — Hi (x), 


in which X, refers to the interactions between fields. The field equations are 
0.7K, 


A"2,x + Bx = 
Xx Xx Ox 


while the commutation properties on a spacelike surface, as expressed in a local 
co-ordinate system, are given by (for simplicity of description, we adhere to the 
fiction that all components of x are kinematically independent on ¢): 
[A°x(x), x(a’) |, = 16%(ax — 2x’), 
where 6“(2 — x’) is defined by 
Sdo,/6"(x — 2 )f(z") = F(z). 


Now, uniting the field equations and commutation properties, the differential equa- 
tions for the Green’s functions are obtained: 


(A"O, +: Bh Gly... 2) +... 
= 16(4; — X2)G4(rz ... Lp) + (a, — X3)Gy(Z2... Tp) + ..., 


in which the omitted terms on the left are the particular Green’s function combina- 
tions needed to represent the interaction effects in the field equations, while, on the 
right, the summation is extended over all points that refer to the same field as does 
x. The summation is symmetrical or antisymmetrical in these points, according 
to the statistics of the field. Thus the Green’s functions obey an infinite system of 
equations that are linear and inhomogeneous (since the function with p = 0 is 
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simply unity) and which incorporate fully all information concerning the inter- 
acting fields. 

The analogous differential equations for the G_ can be obtained directly, or by 
complex conjugation of the equations obeyed by G,, and differ from the latter 
in the sign of 7 exhibited by the right-hand B.E. terms. It is worthy of note that, 
apart from the trivial situation of uncoupled fields, the two sets of differential equa- 
tions are intrinsically different—the two types of Lorentz Green’s functions cannot 
be characterized in detail as solutions of a common equation that are distinguished 
by boundary conditions. There is, however, a simple relation between the Green’s 
functions that can be inferred from the differential equations (and from the time- 
ordered operator definitions), namely, 


G(x) = (—1)"G,(—e7 2). 


The factor (— 1)” is inserted to reverse the sign of the right-hand F.D. terms. The 
interpretation given to —e ™, applied to the space co-ordinates, is unity. But, 
for the time co-ordinates, it is a combination of two operations: time reflection, 
which inverts the time order (t > ... t, — t > ... — t), and multiplication 
by e ™', which reverses the sign of all time co-ordinates while retaining the time 
order. The latter transformation changes the sign of all the delta functions and 
converts the differential equations for G, into those describing G_. The negative 
frequency character of the latter functions is also reproduced. The connection 
here obtained between G, and G_ is an analytic continuation stated without refer- 
ence to intermediate Euclidean functions. 

The correspondence between Lorentz and Euclidean Green’s functions is now 
exhibited as 


+ ri Re + xt/4 = ARel = G(x) ” ’ 


G(x) i IIpe (e ) pp (e . 


in which x° and 2, are understood as the variables in the appropriate functions. 
Accompanying the imaginary relations between the variables is the transformation 


6(x) —— (+72)6(r)™’. 


On performing these substitutions in the differential equations, we encounter the 


real B.E. matrices, 


=i gies tiie? ve ‘4 f ‘ ‘or? = (—A,R,, Ag), 


“ 
ae eg hth F tA erik Fels . BR, 
which are, respectively, antisymmetrical and symmetrical, and the real F.D. ma- 
trices, 
F.D.: A,® = Beh e/thdyF rity oF a/ARl Fas — (§GA,, —AoR,l), 


Be] a mage 7 ARel FI * Bet : Rel F ri/4 ai — BR.il, 


which are symmetrical and antisymmetrical, respectively. The resulting form of 
the Green’s function differential equations, as adapted to the Euclidean metric, is 


[A,0, + (1, + DB) G(r... Zp) + ... = b(t, — T2)Gz(%s ... Ty)" + ..., 


where the choice indicated for the coefficient of B signifies unity for a B.E. field; 
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+lforaF.D. field. If, as we have discussed before,‘ the Lorentz B matrices are con- 
structed as the product of R, with an invariant, symmetrical matrix that is inde- 
pendent of internal degrees of freedom, the Euclidean B matrices will be completely 
of the latter type. This remark, together with the observation that the transfor- 
mation applied to B~!A, is unitary, apart from the F.D. factor +1, indicates how 
Lorentz invariance is translated into Euclidean invariance. 

The Green's functions of the Lorentz description are intrinsically complex quan- 
tities, and, accordingly, there are two linearly independent sets of such functions. 
It is an indication of the simplification obtained through the introduction of the 
Euclidean metric that completely real Euclidean Green’s functions can be defined— 
provided that a certain general symmetry restriction is enforced on the field inter- 
actions. Conversely, the latter invariance property acquires substantial support 
through its role in unifying the two classes of Green’s functions and eliminating 
complex numbers from a formulation of the fundamental laws of physics. Let us 
notice that, aside from the interaction terms, the differential equations for G, 
differ only in the F.D. quantity +/, referring to the fermionic charge. This sign 
factor can be removed by introducing the operation of fermionic charge reflection. 
But, when full account is taken of the variety of field interactions,> it appears that 
all types of charge are dynamically coupled, and the interconversion of the two sets 
of equations is possible only if the interaction terms differ merely through the ef- 
fect of general charge reflection. Assuming this property, we conclude that 


p 
G_® = | II (Raa |," = RgG,, 


a= 1 


where the individual charge reflection matrices Rg are real and orthogonal. The 
composite matrix Reg also describes the reality properties of the Euclidean Green’s 
functions, 


G, (E)* — RoG,™, 


for the mutually complex conjugate relation of @, still applies to the derived func- 
tions G,. In effect, all matrices appearing in the Euclidean formulation of the 
differential equations are real, with the exception of the imaginary charge ma- 
trices, and complex conjugation is equivalent to charge reflection. If we accept 
the interpretation? of the imaginary unit as symbolic of the charge nature of the 
measurement apparatus (matter—antimatter), the symmetry property we have 
postulated can be described as the relativistic invariance of the Euclidean formula- 
tion with respect to charge reflection, for the application of this transformation to 
the system under investigation and to the apparatus employed for the purpose 
produces no discernible change. 

Before continuing, we must examine the relation between the matrices, Rg’, 
and the charge reflection matrices of the Lorentz description, Re. The latter, 
having no reference to space-time properties, are uniformly chosen as real, orthog- 
onal, symmetrical matrices (Rg? = 1). The distinction between Re and Rg, 
which exists only for F.D. fields, arises from the incorporation of the fermionic 
charge | into Ay® = —AjR,l. To compensate the sign change of A, induced 
by the reflection of /, the F.D. matrix Re must contain the co-ordinate reflection 
matrix Ry = Ryl. Thus 
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F.D.: Ro = ReRgl, 


which is a real, orthogonal, antisymmetrical matrix (Rg? = —1). However, the 
composite matrix Re, which is constructed from an even number of F.D. con- 
tributions, is a real symmetrical matrix, obeying 


Ra? = l. 


The hypothesis of Euclidean relativistic charge reflection invariance can now be 
interpreted as a property of the Lorentz Green’s functions and, thereby, of the 
Lagrange function of the interacting fields. The relation implied between the 
Green’s functions G, and G_ is 


G_(124) = Ilz E (Ref) Up D (Raikh)G. —124) 
= (- l )"ReR.G,(— 724), 


which makes explicit the analytic continuation that connects the two Lorentz 
Green’s functions: 


G_(t) = (—1)"ReR Gye *"b), 
G,(t) = (—1)"ReR.G_(e™t). 
When this result is compared with the previously obtained connection, 
G(t) = (—1)"G,(-e* "8, 
we learn that 
ReR.G(—t) = Gd); 


the Lorentz Green’s functions are invariant under charge and time reflection. The 
same assertion can be made of the combination of charge and space reflection, since 
space-time reflection is an invariance operation. But in the latter form we are 
dealing with unitary transformations of Hermitian field operators, and it can be 
concluded that the invariance of the Lagrange function under space and charge 
reflection is equivalent to the postulate that Euclidean Green’s functions exhibit a 
relativistic invariance with respect to charge reflection. It is surely significant 
that we are thus led to a general invariance property which is consistent with all 
the recent experiments on the so-called parity non-conserving interactions. The 
existence of an exact invariance transformation involving space reflection is now 
supplied with a basis that may be considered more substantial than the mere belief 
in the intrinsic indiscernibility of left and right. 

We have not yet exhibited the real Euclidean Green's functions, the existence of 
which is assured by the presence of a linear transformation equivalent to complex 
conjugation, 

G,* = ReG.™. 


Indeed, functions having the required reality property are given by 


G® = e™ 4RQ ,- 7 1G _ e™ RQ, xi iG (B) 


A second such choice is 


ReG™ _ a" * 4Ropm 1G ® sa e™ 4RQ, — rt 1G 
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although the latter are not a linearly independent set and can be regarded as pre- 
senting G in a new representation. An essential limitation of the description by 
real Green’s functions must be observed, however. The matrices e**/*®? are 
not composite, and the transformation that introduces G® has no simple signifi- 
cance for the differential equations that characterize the Green's functions. Were 
only B.E. fields involved, the composite transformation formed from the individual 
Rg could be employed, but this is not possible for F.D. fields. Nevertheless, it 
remains true that real Euclidean Green’s functions exist from which the physically 
meaningful Green’s functions G, and G_ can be inferred. 

Finally, we shall indicate briefly the possibility of replacing the differential equa- 
tions, as the characterization of the Euclidean Green’s functions, by an explicit, 
if formal, construction. For this purpose we define fields x(2), on the Euclidean 
manifold, that are completely commutative or anticommutative, as befits the sta- 
tistics, 


[x(x), x(x’) ]4 = 0, 


and a complementary set of fields, X(x), with the same characteristics, which are 
such that 


[X(a), x(x’) |, = &(4 — 2’). 


The B.E. fields ¢ and ig are Hermitian, while the F.D. fields y and y are mutually 
Hermitian conjugate. The Euclidean Green’s functions are then given by 


Gi(a1 ... Ly) = ( Wa.|x(2x1) ... x(2p)|0 ) / (Wa)0) 


(ordinary operator multiplication !), where |0) is the right eigenvector of the opera- 
tors X(x) associated with null eigenvalues, 
X(x) |0) = 0, 
and the vector (W,) is characterized by 
(W4|[A,0,x + (1, +DBx + ... — X] = 0, 


in which the omitted terms are the functions of the Euclidean field operators, x(x), 
needed to describe the field interactions. This assertion is verified on observing 
that 


[A,0, + (1, #0BGx(a1 ... ty) +... 
( Wa | X(ar) x(a)... x(a») 10) / (Wa [0 ) 


5(ay — 22)Ga(a3 ... Lp)" + ..., 


where commutation relations and the significance of |0) as a X eigenvector are 
used to obtain the stated result. 

The vector (W4, | can be constructed from the left eigenvector of the X associated 
with null eigenvalues, 


(W,| = (0|e"**, 


where the operator 


Wax] = 4, oS (dx) [xA,0,x + x(1, +)Bx + ...] 
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bears an obvious genetic relation to the action operator of the interacting fields. 
The Euclidean operators W are not Hermitian, but they are related to their Hermi- 
tian conjugates by a unitary transformation, which constitutes a self-adjointness 
property. We now have 


Gy (xz) = (Olx(ar) ... x(zp)e~"*"10 ) /( Ole "*|0), 


and, in turn, these Green’s functions can be derived from a single generating func- 
tion, the expansion of which produces the field operator products. In the latter 
form we make contact with previous developments employing the action principle 
for quantized fields and the device of external sources! (and subsequent work, largely 
unpublished). A large variety of equivalent forms can now be devised for the 
Green’s functions, based primarily upon the well-established transformation and 
representation theory® for canonical variables of the first and second kind. A dis- 
cussion of these developments for specific systems will be deferred to another pub- 
lication, in which the problem of translating quantum electrodynamics into the 
Euclidean metric is examined. 

Although we have emphasized the fundamental implications of the Euclidean 
representation, it will be evident that the Euclidean Green’s functions also have 
practical advantages. Indeed, the utility of introducing a Euclidean metric has 
frequently been noticed in connection with various specific problems, but an ap- 
preciation of the complete generality of the procedure has been lacking. 

1 J. Schwinger, these PRocEEDINGs, 37, 452, 1951. 

2 J. Schwinger, these PROCEEDINGS, 44, 223, 1958; see also R. Jost, Helv. Phys. Acta, 30, 409, 
1957. 

’ The full analytic extension of the Green’s functions Gs is produced by t + £ ¥ ty, where 
retains the initial time order, which is to say that the otherwise arbitrary mapping function n(t) 
is of positive slope. 

4 J. Schwinger, these PRocEEDINGS, 44, 617-619, 1958. 

5 J. Schwinger, Ann. Phys., 2, 407, 1957. 

6 An extended discussion is contained in the article “Quantum Theory of Fields,’’ which is 
being prepared for publication in Vol. V/2 of the Encyclopedia of Physics (Springer). 


ON THE SIGNIFICANCE OF TRANSIENTS IN DAILY RHYTHMS* 
By Corn PirrenpricH, Vicror Bruce, AND PETER Kaus 
BIOLOGY DEPARTMENT, PRINCETON UNIVERSITY 
Communicated by Sterling B. Hendricks, July 3, 1958 


9 


We have discussed elsewhere ' * * the difficulties confronting current attempts to 
discover the concrete nature of the temperature-compensated, self-sustaining 
oscillation that underlies and controls the persistent daily rhythms universal in 
living cells. We have argued that it is therefore profitable to develop in as ex- 
plicit and restrictive a form as possible the oscillator model for such rhythms. 
The quantitative development of our formal model might provide a lead to the con- 
crete nature of the oscillating system. 

The present paper considers a class of effects whose analysis leads to a more 
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explicit formal model. These effects are the transients developed in free-running 
rhythms when they are perturbed by single phase-shifting signals. The coupled- 
oscillator model offered here has several merits: (1) it explains the several pe- 
culiarities of transients: (2) it accommodates other complex data on the relative 
roles of light and temperature in the control of the Drosophila rhythm:* (3) it 
provides a unique basis for relating daily rhythms to recent discoveries in thermo- 
and photo-periodism:* and (4) it can be given an approximate mathematical ex- 
pression that points to new lines of experimental analysis. 

The Nature of the Transients.—Light and temperature are the only periodic or 
quasi-periodic environmental variables to which the endogenous oscillation can be 
coupled: in nature they entrain the endogenous oscillation, thereby controlling 
period and establishing appropriate phase. They are, to use Aschoff’s phrase, the 
principal Zeitgeber. When organisms are maintained in a constant regime of light 
and temperature, their endogenous oscillators are free-running and manifest their 
natural period. The free-running rhythm can be perturbed by single temperature 
and light signals. Following perturbation, transients develop prior to attainment 
of a new steady-state rhythm. The effects of temperature and light perturbations 
differ sharply. 

Temperature signals of the step type generate marked transients. These tem- 
perature-induced transients last no more than 2 cycles in Drosophila and the plant 
Phaseolus in both cases they were evidently mistaken by earlier workers for a 
new steady state, leading to the wrong conclusion that the period of the over all 
rhythmic system was basically temperature-dependent. In Drosophila in spite of 
the spectacular transients there is little effect on the phase of the ultimate steady 
state (Fig. 1-A). 

Light signals of the pulse type also generate spectacular transients. In Droso- 
phila (Fig. 1-B) these last about 3 cycles and, unlike the temperature transients, are 
followed by marked phase changes in the new steady state of the free-running 
system. The responses of the system to single light signals constitute crucial 
issues: (1) transients precede the new steady state: (2) there is ultimate deter- 
mination of new phase in the steady state by a signal seen 3 cycles before the steady 
state is reached: (3) the character of the transients depends on the phase of the 
cycle when the pertubation is given: signals (dark/light transitions)‘ falling in the 
first 15 hours generate delaying transients (apparent “‘period”’ greater than natural 
period): signals falling in the last 9 hours generate advancing transients (apparent 
“period” shorter than natural period). 

The association of several transients with precise determination of ultimate 
phase and the fact that the transients switch from long to short at hour 15 present 
great, if not insuperable, difficulties for any model based on a single oscillator. 
All these features are, however, accommodated by the model outlined in Figure 2. 

A Coupled Oscillator Model for Explanation of the Transients —We assume that 
two distinct oscillating systems underlie the assayed rhythm: one of these (A oscil- 
lator) is a pacemaking, self-sustaining, temperature-compensated system—it is 
the ultimate clock, sensitive to light signals: the second (B oscillator) is coupled 
to A and driven by it. Since the B oscillator’s behavior is assayed while coupled to 
and driven by A, we cannot say with certainty whether or not it (B) is independ- 
ently self-sustaining: we take it to be light-insensitive and temperature-sensitive. 
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Fig. 1.—Each horizontal row of points in A and B represents medians of Drosophila eclosion 
peaks in individual cultures. The cultures had previously been in a light-dark cycle with 12- 
hours of light and 12 hours of dark, and the time scale shown (which is the same for all three 
figures) represents hours elapsed since the last dawn of this 24-hour cycle. The seven cultures 
represented by A were in complete darkness for the time shown, and the temperature of each 
culture was dropped from 26° C. (temperature at which the cultures were raised) to 16° C. at the 
time shown by the heavy diagonal line a—a, between hours 24 and 48. The diagonal line between 
hours 96 and 120 does not represent a second series of signals; it is included only to mark the 
phases of the sign: als giv en 72 hours earlier. Vertical guide lines are given at 24-hour intervals 
after the last seen ‘‘dawn. 

Each of the thirteen cultures represented by B was exposed to a single 12-hour light signal be- 
ginning at the time shown by the heavy diagonal line (between hours 24 and 48) and was subse- 
quently left in complete darkness; as in A, the second diagonal (hours 96-120) is for comparison 
only and does not indicate a second series of signals. The absence of data after hour 120 in B is due 
to the fact that the experimental cultures involved had completed all eclosion by this time. 

The points in C are obtained by the calculations described in the text, using values for the 
parameters pp = 1.1 and pa = 15. The heavy di: agonal line between hours 24 and 48 repre- 
sents the time of the cycle at which the A oscillator is reset; the second diagon: al (hours 96-120) 
is again for comparison rae 

The stipled area in A and B is included to facilitate comparison of the ultimate phase shifts 
caused by the temperature and light signals. The open and solid arrows on B and C direct atten- 
tion to the existence of delays (long-period transients) and advances (short-period transients) in 
both the observed and caleulated results. 
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Fic. 2.—A illustrates the two-oscillator model in block-diagram form. Although in the text 
we have considered only one B oscillator, many more could be present with the same, or different, 
phase relationships and other characteristics. The arrows schematically represent coupling and 
feedback between the oscillators. 

The sinusoidal wave forms of the free-running light-sensitive A oscillator and temperature- 
sensitive B oscillator are shown in B. The coupled oscillators are shown with the phase relation- 
ships resulting from the parameters which gave the best fit to the experimental data. Entraining 
light signals (‘‘dawn’’) synchronize the A oscillator (solid line) to the particular phase shown, 
and the A oscillator in turn entrains the B oscillator (dashed line). Typical Drosophila ecolsion 
data are shown just below the coupled oscillators in the proper normal phase relationship. The 
median of the eclosion peaks normally occurs a fixed time, ¢, (about 2 hours), after the entraining 
dawn. 























The behavior of the driven B oscillator is reflected by the fly’s eclosion rhythm 
which it (B) controls. 

Figure 3 illustrates the effects of single light signals. The phase of A is im- 
mediately reset by the signal, but it takes several cycles before B (which the fly fol- 
lows) is re-entrained by A. The light-induced transients we observe in daily rhythms 
are those of a driven oscillator gradually regaining phase with its pacemaking light- 
sensitive driver: their ‘‘period” is either longer or shorter than the natural period, 
depending on whether B moves to the right or the left to regain phase with its pace- 
maker (A). 

The temperature-induced transients (Fig. 1-A) are a temporary derangement 
of the temperature-sensitive B-oscillation. Ultimately the temperature-insensitive 
pacemaker (A-oscillation) regains entrainment control of the B-oscillation whose 
phase and period revert to nearly normal. 

A Mathematical Approximation of the Model.—This descriptive coupled oscil- 
lator model can be given an approximate mathematical expression if some provi- 
sional simplifications are made. Whatever the nature of the A oscillator may be, 
we describe its output by a sinusoidal time function. The amplitude of A is arbi- 
trary and is taken to be unity. The B oscillator is characterized as a damped, 
linear oscillator, driven by the output of A. Any feedback of B on A must be 
relatively small in the Drosophila case, and in the mathematical model it is simply 
ignored. It seems likely at present that none of the qualitative features that we 
propose to investigate analytically in this paper will be sacrificed by these simpli- 
fications. 

It is an observed fact that the phase of the steady-state eclosion rhythm (the 
B oscillator) either in a 24-hour cycle of light and dark or in continuous darkness 
depends only very little on the temperature.’ In 24-hour cycles with different 
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Fig. 3.—The two figures compare calculated (3-A) and observed (3-B) phase-shifts induced by 
single light signals. The plotted points in 3-A and 3-B represent “‘eclosion-time”’ for the fly and 
are taken at a fixed interval (¢,) after the zero-point of the curve of the B oscillator. 3-A shows 
five successive days of the calculated wave-forms of the B oscillator (dashed lines) when the phase 
of the A oscillator is immediately and completely reset. The figure on the left in 3-A illustrates 
what happens when the resetting signal comes at hour 8 (8 hours after dawn) of the cycle and the 
right-hand figure in 3-A corresponds to resetting at hour 18 of the cycle. The observed behavior 
of Drosophila when reset at these hours (8 and 18) is shown in 3-B; calculated points from 3-A 
are added for comparison. 


photofractions the phase of the eclosion rhythm (the B oscillator) is correlated 
very well with the “dawns” of the entraining light cycle.* These facts suggest 
that the phase angle between the A and B oscillators is relatively constant, and, for 
convenience in setting up the equations, the time scale has been measured relative 
to the B oscillation. Thus it will be noted that there appears in the right-hand 
side of the following equation (the output of the A oscillator) a phase angle, 6, 
chosen so that the steady-state solution of the B oscillation will not involve a phase 
angle. Resetting of the A oscillator thus involves initiating a new oscillation at 
some definite point of the cycle of the A oscillator (which must be determined 
from those parameters of the system which give the best ‘“‘fit’’ to the experimental 
data). 

With these simplifications and assumptions, we can write the following equa- 
tion for the amplitude, x, of the B oscillation, where x may be thought of concretely 
either as the concentration of some chemical or as the level of a physical variable, 
like membrane potential. In either case it is the periodic change of x that con- 
stitutes the B oscillation. 


d*x/dt® + 2(24/rq4)dx/dt + (24/rg)?x = sin [2x(t — 7)/ra + 4), (1) 


where x is the amplitude of the driven B oscillator, ¢ is time measured in hours, 
r4 is the period of the A oscillator (presumably light-dependent), rz is the ‘‘free- 
running”’ period of the B oscillator (presumably temperature-dependent), r¢ is the 
“damping” constant of the B oscillator (presumably temperature-dependent), and 
i is the phase-setting or “‘reset’’ time. The phase factor, 6, is given by 
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6 = tan—! 2} (7B/74)?/(ta/7a) [1 — (7B ta)?]} 2) 


Assuming that for ¢ < 7? the driving term was characterized by 7 = 0 and that a 
steady state had been reached, we obtain the following solutions: 


x = (R/8r?) sin 2at/r, (ie < 3), (3) 
xz = (R/8x?) sin [24(t — 2)/ra] + Ke7~**”™ cos [24(t/7) — €] (t>d, 


where F is given by 
R = (rata) sin 6 
and 7; is related to 7g and rq by 
(1/7)? = (1/rp)? — (1/ra)?. (5). 


The constants K and e¢ are to be determined by the condition of continuity of x 
and dx/dt at t = 7. Phase relationships of A and B are illustrated in Figure 2 for 
the steady state and in Figure 3 for the transient approach of B to new phase 
following reset of A. In order to compare the equations with experiment, we 
assumed that a light signal at time 7 corresponds to the resetting condition as de- 
scribed in the equations. The median of the Drosophila eclosion peak is arbitrarily 
defined as occurring at a fixed time, ¢,, after the time defined by the condition 


x(t) = 0, dx/dt > 0. 


In the present calculation we have assumed that the period 74 of the A oscillator 
is constant (24 hours), and, using 74/2 as the unit of time, equation (3) for the mo- 
tion of B has been programmed for an IBM 650 calculator for various values of 7, 
and tz. It is convenient to discuss the calculated solutions in terms of two con- 
stants, pp = Te/Ta, and pg = Ta/Ta. 

The behavior of the B oscillation has been calculated for eleven values of pz and 
pe. Figure 1 (B and C) shows the observed Drosophila data alongside the calcu- 
lated solution obtained when pg = 1.1 and pg = 15. These values gave the best 
fit of those tried; and it is doubtful whether the model—in its present simple form— 
could yield a closer fit to the experimental data. In any case it is the strong quali- 
tative agreement between observation and calculation that is to be emphasized 
here; and which we take as highly significant confirmation that a coupled oscillator 
mechanism does underlie the daily eclosion rhythm. Thus the calculated solutions 
(like the observations) show that, following a reset of the A oscillator in the first 
part of the cycle, the approach of the B oscillator to a new steady state involves 
delaying (long-“period”’) transients; and it involves advancing (short-“period’’) 
transients if the A oscillator is reset in the latter part of the cycle. The rate at 
which the transients damp out roughly fixes the value of the parameter pa. The 
time in the cycle at which the resetting signals switch over from inducing long to 
short transients roughly fixes the value of the parameter pz. 

Future Development of the Model.—Our assumption of temperature dependence in 
the B oscillation implies that the parameters pg and pq will in turn depend on the 
temperature. Insofar as several observable features of the system depend on pz 
and pg, it is clear that further calculation should yield strong predictions that are 
experimentally testable. In particular, we forsee testable predictions concerning 
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the dependence on these coefficients—and hence on temperature—of (1) the phase 
of the steady-state rhythm relative to the light regime and (2) the point in the cycle 
at which light-induced transients switch over from a delaying to an advancing char- 
acter. 

The assumption of temperature dependence in B is itself prompted by several 
established features of the Drosophila eclosion rhythm and daily rhythms generally. 
These features, in brief, concern the transients (described above) induced by tem- 
perature changes and the fact that the over-all system is entrainable by environ- 
mental temperature oscillations. The latter feature indicates the existence of 
some feedback of B on A (Fig. 2 A); but, as noted earlier in this paper, this feed- 
back must be slight in the Drosophila case, while it may well prove powerful in other 
organisms. We have discussed these temperature effects elsewhere‘ in the qualita- 
tive terms of the present coupled oscillator scheme. Further experiments and cal- 
culation will be required to determine how the coefficients pg and pg vary with tem- 
perature and whether the mathematical model will accommodate the temperature 
effects in a more rigorous way without unduly complicating the calculations. 

The Generality of the Model.—We suggested in an earlier paper! that the pattern 
of transients preceding phase shifts induced by single light signals should prove 
fruitful of leads to the nature of the underlying oscillatory system and that, to this 
extent, its study should be a profitable tool in our comparative program based on 
the hypothesis that all daily rhythms have a common underlying mechanism. 
Thus, while we were led to the present model by the well-characterized transient 
pattern in Drosophila, we have deliberately sought evidence of its presence or ab- 
sence in seven widely divergent other organisms. In one of these—the deer-mouse, 
Peromyscus—neither Dr. Rawson (personal communication) nor the writers have 
detected the typical Drosophila pattern, but the facts here are still unclear. In all 
six of the other species examined in Princeton the characteristic Dresophila transient 
pattern has been discovered; and elsewhere it has been found in two further species 
—Gonyaulax’ and Paramecium.* 

The studies in our laboratory® are still in progress, and the information available 
for some species (bird, lizard, cockroach, fungus) is less extensive than fo others 
(hamster, Euglena). In all, however, the major features are clear: single light 
signals cause clear phase shifts; when they fall in the subjective day (first part of 
cycle), the phase shift is attained by one or more delaying transient cycles; phase 
shifts caused by signals falling in the subjective night are preceded by one or more 
advancing transients. In Euglena" and the hamster’? the available data are already 
sufficient to permit extensive comparison with Drosophila, and they show again 
that the time in the cycle at which transients switch from delays to advances occurs 
in the early part of the subjective night phase. More detailed comparison must be 
postponed, but some tentative generalizations are noteworthy. There is a general 
tendency for the number of transient cycles to increase and the ultimate phase 
shift to decrease in the more complex multicellular organisms. In the hamster the 
ultimate phase shift caused by a single signal is never so great as that in Drosophila 
and is obtained only after 10 transient cycles in some individuals; the ultimate 
shift in Drosophila is attained by 3 or 4 transient cycles; and in Euglena, where the 
phase shift is as great as in Drosophila, it is virtually completed by one transient 
cycle. In all cases, however, the general character of transients (delay or advance) 
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is the same and depends only on the phase of the steady state at which the resetting 
signal falls. Finally, we note that there is strong evidence in hamsters, cockroaches, 
and birds that advancing transients persist for many more cycles than do delaying 
transients; in other words, the whole system is more easily reset by a ‘“dawn’’ that 
comes later than by one coming earlier. 

It is our working hypothesis now that underlying all the daily rhythms of cells 
there is a coupled oscillator system of the type described here. We wish to be 
explicit on precisely what this implies. The hypothesis involves commitment to the 
general occurrence of only the formal structure summarized in Figure 2, A. One 
component of this sytem is a light-sensitive, temperature-compensated, self-sus- 
taining oscillation that is the over-all pacemaker; it is the A oscillation and corre- 
sponds essentially to what we have previously" called “ESSO” (endogenous self- 
sustaining oscillation). The present hypothesis does not imply the view that the 
universal A oscillation necessarily has the same physicochemical nature everywhere, 
although we still feel that this could well prove to be true. The second component. 
in the system is the light-insensitive, temperature-dependent oscillation (which we 
label B) that is driven by A. The hypothesis does not imply that B oscillations are 
everywhere the same or that in any one organism there is only one B component 
Indeed, we suggest that much of the cell’s total metabolic activity is innately rhyth- 
mic, with a free-running period that is typically temperature-dependent and ap- 
proximates 24 hours only in the optimal temperature range, lenghthening or short- 
ening with fall and rise of temperature on either side of the optimum. It is only 
because the B oscillations in the cell and organism are coupled to and entrained by 


the light-sensitive A oscillator, which is temperature-compensated, that the over- 
all system manifests in steady state a period that is so nearly invariant through a 
wide range of temperatures. Thus the essential modification of our earlier views! 
is in one sense only an addition; the diverse metabolic periodicities we described as 
caused by ESSO (A oscillator) we now view as themselves autonomous oscillations 
(B) under entrainment control of the central light-sensitive pacemaker. 


* This work was supported with funds from the Eugene Higgins Trust allocated to Princeton, 
University and by grants from the National Science Foundation and the Office of Naval Research 
(Nonr 1858(28)). 
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TETRAPOD EXTINCTIONS AT THE END OF THE TRIASSIC PERIOD 
By Epwin H. CoLBert 
AMERICAN MUSEUM OF NATURAL HISTORY AND COLUMBIA UNIVERSITY, NEW YORK 
Read before the Academy, April 28, 1958 


The phenomenon of extinction has fascinated and vexed paleontologists for 
decades. It is a fascinating process because it has brought to an end many varied 
and seemingly successful lines of evolution during the successive periods of geo- 
logic time, and it is a perplexing one because it is so difficult to explain. Why 
should a group of animals or plants, evidently vigorous and well adapted to the 
environments around them, come to a relatively abrupt end at some particular 
stage in geologic history? Why should several groups of organisms die out almost 
simultaneously, while at the same time other groups should continue? What are 
the factors causing extinction? These are large and far-reaching questions, the 
answers to which for the most part can only be guessed at. 

The extinctions that took place at the end of the Cretaceous period are partic- 
ularly spectacular, since they involve in part the wiping-out of the great dinosaurs, 
the reptiles that had been dominant on the land for a hundred million years. These 
extinctions, which are deservedly famous in biologic and geologic literature, have 
received so much attention and have been so much speculated about that perhaps 
there has been some tendency to overlook important extinctions occurring at other 
times during geologic history. It is the purpose of this present paper to review 
briefly the extinctions of an age other than the Cretaceous. 

One time when many tetrapod extinctions occurred was at the close of the Trias- 
sic period. Indeed, the extinctions of amphibians and reptiles that accompanied 
the transition from Triassic to Jurassic times were so numerous and involved so 
many: taxonomic units that they must be regarded as of considerable significance; 
perhaps not the equal of the Cretaceous extinctions, yet nonetheless sufficiently 
prevalent to indicate a marked change in the history of life at that particular time. 

The extinctions marking the close of Triassic history are only a part of a large 
and extended sequence of events that makes the Triassic period a time span of 
great significance in the evolution of the backboned animals. The Triassic was, 
in short, a period of transition, when various phylogenetic lines that had been 
successful through late Paleozoic and early Mesozoic times came to an end, and 
when various other phylogenetic lines made their first appearance, to continue 
through later Mesozoic history. It was a time of beginnings and of ends, and the 
ends concern us here. 

In this connection a few comparisons may be useful. At the close of the Trias- 
sic period there were, according to the paleontologic record, eleven orders of tet- 
rapods (amphibians and reptiles) on the earth. Almost certainly there were three 
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or four other orders for which there is no fossil record. These eleven orders con- 
tained thirty families. Of these eleven orders and thirty families, four orders con- 
taining ten families became extinct during the transition from Triassic to Jurassic 
times, while, in addition, seventeen families distributed among the other seven 
orders also disappeared. This is a large degree of extinction, and it is quite evident 
that the continuation of tetrapod life from Triassic into Jurassic times was largely 
through the advent of new taxonomic groups within certain orders rather than 
through the continuation of families and lesser taxa from the earlier into the later 
period. 

By way of contrast there were at the end of the Cretaceous period fourteen orders 
of tetrapods (certainly a few more for which there is no fossil record) containing 
fifty-seven families. Of these, eight orders containing twenty-four families be- 
came extinct at the end of Cretaceous times, while ten additional families of the 
remaining six known orders became extinct. Consequently, while the relative 
extinction of orders at the end of the Cretaceous period was greater than that 
occurring at the end of the Triassic, the relative extinction of families was less. 
There was a carry-over of twenty-three families of tetrapods from Cretaceous into 
early Cenozoic times (Fig. 1). 

Perhaps the most significant aspect of these figures is that, so far as complete 
extinctions are concerned—extinctions of orders and all the lesser categories con- 
tained within those orders—the disappearance of life-forms at the end of Creta- 
ceous times was about double that occurring at the end of Triassic times. It is 
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Fig. 1—Diagram to show the total numbers of orders and families of tetrapods living in late 
Triassic and late Cretaceous times, and the numbers of orders and families that became extinct 
at the ends of those periods. 
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the difference between eight orders containing twenty-four families that died out 
with the close of the Cretaceous period and four orders containing ten families that 
disappeared at the end of Triassic times. When one considers what a very sig- 
nificant place the Cretaceous extinctions hold in paleontologic thinking, it seems 
valid to maintain that the Triassic extinctions, even though occurring on a scale of 
only half the magnitude of the Cretaceous ones, are nonetheless quite significant. 

It may be that a better way to look at this problem is by a comparison of the 
extinction of ecologic types and their replacements in subsequent times by newly 
evolved forms. According to this view, the extinctions and replacements of eco- 
logic types at the close of the Triassic period were about as shown in Table 1. 


Table 1 


Extinction Families Environment Occupied/ Diet Replaced by 


Placodonts. . . 
Nothosaurs 
Stereospondyls 
Phytosaurs 
Rhynchosaurs 
Procolophonids 
Trilophosaurs 
Dicynodonts 


Ornithosuchids, ete. 


Stagonolepids, etc. 


| 


3 
3 
1 
1 
l 
1 
1 
2 
2 


Shallow marine waters/molluscivorous 
Margins of the sea/piscivorous 

Rivers, lakes/piscivorous 

Rivers, lakes/carnivorous 
Watercourse margins/molluscivorous? 
Thickets, rocks/herbivorous? 
Uplands/herbivorous 
Uplands/herbivorous 

Uplands /carnivorous 


Uplands, margins of streams/carniv- 
orous and herbivorous 


Marine turtles 
Plesiosaurs 
Crocodilians 
Large crocodilians 
9 


Some lizards 

Large lizards 

Herbivorous dinosaurs 

Small theropod dino- 
saurs 

Armored dinosaurs 


A comparable listing for the extinctions of ecologic types and their replacements 
during the transition from Cretaceous to Cenozoic times might be set down as in 


Table 2. 


Extinction 
Mosasaurs. . 
Ichthyvosaurs 
Plesiosaurs 
Pterosaurs 
Hadrosaurs 


Titanosaurs 
Carnosaurs 


Coelurids 
Ornithomimids 
Hypsilopho- 
donke 
Pachycephalo- 
saurs 
Ankylosaurs 


Ceratopsians. . . 


Families 


2 
2 


Table 2 
Environment Occupied / Diet 
Open oceans/piscivorous 
Open ocean /piscivorous 
Open ocean /piscivorous 
Volant over shallow seas/piscivorous 
Watercourses, margins of sea/her- 
bivorous 
Swamps, rivers/herbivorous 
Uplands and water margins/carniv- 
orous 
Thickets/carnivorous 
Open uplands/omnivorous 
Uplands, trees (?)/herbivorous 


Uplands /herbivorous 


Uplands/herbivorous 
Uplands/herbivorous 


Replaced by 
Toothed whales 
Small toothed whales 
Marine turtles 
Sea birds 
Amynodont rhinoceroses 


Amynodont rhinoceroses 
Large creodonts 


Small creodonts 


Large ground birds 
9 


Amblypods 


Glyptodonts 
Uintatheres 


When considered in this fashion, the extinctions of ecologic types and their re- 
placements that took place at the end of Triassic and at the end of Cretaceous 
times were on much the same order of magnitude. But there was a qualitative 
difference. The replacements of ecologic types that became extinct at the end of 
the Triassic period were, so far as can be determined, all reptiles. The replacements 
of those types disappearing at the end of Cretaceous times were, for the most part, 
mammals and birds. 

The evolutionary mechanism of replacement as outlined in these two lists was 
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not simple. It was frequently a slow process through geologic time, so that there 
might be a time lapse between the animals that were dying out and those that 
eventually took their place. For example, while it is likely that there was an al- 
most immediate replacement of the Triassic procolophonids by some lizards of 
Jurassic age (although there is no direct paleontologic evidence on this), it would 
seem probable from the evidence of the fossils that there was, geologically speaking, 
a certain time interval between the phytosaurs of late Triassic age and their eco- 
logical replacements, the Lower Jurassic crocodilians. The first crocodilians, the 
protosuchians, of uppermost Triassic and possibly of lowermost Jurassic relation- 
ships, were small reptiles, in no way ecologically comparable to the large, aggressive 
phytosaurs of the Upper Triassic. The true ecological replacements of the phy- 
tosaurs, the large crocodilians of Jurassic age, such as Mystriosaurus and Pela- 
gosaurus, would seem to make their appearance in the Upper Lias, separated by an 
appreciable time interval from the date of phytosaurian extinction. Such inter- 
vals in the ecological replacement of extinct types by new and unrelated forms are 
even more striking in the succession of Cretaceous and Cenozoic faunas. It would 
seem that the earliest ecological replacements for the ceratopsian dinosaurs might 
have been some of the large, Eocene Dinocerata like Uintatheriwm, and these did 
net appear until late Eocene times, many millions of years after the disappearance 
of the dinosaurs. The glyptodonts—the mammals most closely comparable in 
adaptations to the ankylosaurs, or armored dinosaurs—did not appear until late 
Cenozoic times and therefore were separated by a very long time interval from their 
reptilian ecological precursors. Consequently, this whole problem of replacements 
should be viewed in broad and rather general terms. 

There has been much speculation in the past, and there will continue to be specu- 
lation in the future, as to the reasons for the extensive disappearances of reptiles 
at the end of Cretaceous times and their replacements by the varied mammals of 
early Cenozoic times. Many theories have been proposed—none as yet answers 
satisfactorily the numerous problems raised by the extinctions of the dinosaurs 
and other reptiles so characteristic of Mesozoic times. The best we can do is to 
say that environmental conditions changed and that the dominant tetrapods of 
late Cretaceous times were unable to adapt themselves to the changes in the earth 
and its vegetation taking place around them. 

If the extinctions of the dinosaurs, their cousins, and their contemporaries at 
the end of the Cretaceous period were brought about by some widespread changes 
in environments, it seems logical to suppose that the extinctions of various am- 
phibians and reptiles at the end of the Triassic period must likewise have been 
brought about by changing environments. The geologic evidence points to this. 

The Triassic period was seemingly a time of relatively high lands and possibly of 
varied climates. The world was nothing like it is today, for tropical environments 
must have formed broad belts on each side of the equator and subtropical conditions 
must have extended far to the north and the south toward the poles. This is in- 
dicated by the wide distribution of amphibians and reptiles of late Triassic times. 
Nevertheless, within the limits of this great tropical world there were seemingly 
environmental differences in space and in time that were of considerable importance. 
It would appear that there were areas of lush forests and swamps on the broad 
Triassic continents and also areas of dry and even desert environments. It is 
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likely that there may have been some alternations of seasons, involving perhaps 
not so much changes in temperatures as seasonal differences in rainfall. There was 
much voleanic activity in many parts of the world. Such conditions, so typical of 
late Triassic times, probably extended back through the range of the Triassic pe- 
riod and on back through much of the preceding Permian. These two geologic 
periods were the time of ‘‘red-bed”’ deposition on the land masses, and the tetrapod 
faunas of these geologic ages, found for the most part in the red beds, are distinctive. 
They are faunas in which the large labyrinthodont amphibians are prominent and 
probably at the time were active competitors with their reptilian contemporaries. 
Also in these faunas are the cotylosaurs, primitive reptiles not far removed from 
their labyrinthodont ancestors. As descendants from the cotylosaurs are the pre- 
cursors of the turtles. In addition, there are many synapsid reptiles, the pely- 
cosaurs and the mammal-like therapsids. These groups of reptiles and some 
others of lesser importance continued in most cases from the Permian through the 
Triassic. 

Beyond these similarities between Permian and Triassic faunas the Triassic 
assemblages are distinctive by reason of the appearance of several new and im- 
portant groups of reptiles, notably the ichthyosaurs and sauropterygians (marking 
the first broad invasion of marine waters by the tetrapods), the ancestral lizards, 
the thecodonts, ancestors of all of the later archosaurians, and the first dinosaurs. 

Then at the end of the Triassic period there occurred many environmental 
changes that were to affect the composition of vertebrate faunas in the ages to come. 
There were wide invasions of the continental platforms by shallow seas. The 
world, which had been a globe of uplifted continents and perhaps varied environ- 
mental conditions, was transformed into a world of low-lying and restricted land 
masses and generally uniform environments. 

The changes in faunas that accompanied these changes in environments were 
striking. The labyrinthodont amphibians, the primitive reptiles, and the synap- 
sids, which had characterized the Permo-Triassic scene, disappeared, and the faunas 
became typified in their marine facies by the prevalence of aquatic reptiles and in 
their continental facies by the remarkable dominance of the varied and numerous 
dinosaurs. Certainly the vertebrate life of the Triassic marshes and uplands, with 
huge labyrinthodont amphibians, dicynodonts, armored pseudosuchians, large 
phytosaurs, and small, primitive dinosaurs was quite differently constituted from 
the life of the Jurassic lowlands and marshes, with turtles, crocodilians, lizards, 
flying reptiles, and dinosaurs of many kinds, from small, lightly built types to 
great giants, from aggressive predators to inoffensive herbivores. The contrast 


may not be so impressive as that between the Cretaceous dinosaurs and the early 
Cenozoic mammals, but nonetheless it is a contrast worthy of close attention. It 
marks the advent of a new chapter in the history of vertebrate life. It is strong 
proof of the fact that the transition from Triassic to Jurassic times was a crucial 
stage in the evolution of various lines of tetrapod phylogeny. 
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APPROXIMATIONS, AND MONOTONE CONVERGENCE 


By RicHarpD BELLMAN 


In this paper (these PRocEEDINGS, 44, 578-580, 1958) we presented a method 
of successive approximations which reduced the dimensionality of the functional 
equations appearing. It was further asserted that the approximation would be 
monotone. Not only is the proof given incorrect, but the result is not valid. 

The second method of successive approximations does yield monotone con- 
vergence and reduction of dimensionality for variational problems involving 
functionals of the form 
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THE WKB APPROXIMATION 


By RicHARD BELLMAN AND ROBERT KALABA 


AND 


Nelson Wax kindly provided us with a reprint of his paper: L. R. Walker and 
N. Wax, ‘‘Non-union transmission lines and reflection coefficients,” J. Applied 
Physics, 17, 1043-1045, 1946. A perusal of equation (6) of that paper showed 
us that equations (5.1) and (5.2) of our paper (these Procerpines, 44, 317-319, 
1958) should be modified as follows: 
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